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ABSTRACT ) = ()
<S¢

This final report covers the work performed hy General Dynamics
Convair Division under NASA Contract NAS8-111i81, "Study of stability

of Unpressurized Shell =tructures Under 5tatic Loading.'" The primary

intent of this study was to employ orthotropic shell theory to develop
practical working tools for the prediction of instability in stiffened
circular cylindrical shells subjected to axial compression. Empihiasis

ic on approximate analysis techniques to be used in preliminary sizing,
rougk checking, and the study of trends. Methods for the more stringent
requirements of final analysis are also discussed and a digital cownputer ]
program is provided for such applications. In addition to considering
the overall buckling strergth of the stiffened shell, curves are also
presented for predicting the buckling of curved isotropic skin panels
such as those found between stiffening elements. The report is divided
into two distinct parts., Part I furnishes the theoretical and empirical
foundations for the proposed methods while Part Il gives concise pro- 1

cedures for the practical application of those methods,
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A Cross-sectional area of ring (no
basic cylindrical skin included).

Ar' Cross-sectional area of ring (including
effective width of basic cylindrical skin).

AS Cross-sectional area of stringer (no basic
cylindrical skin included).

A A A A E i é i ati

11, %22, A12’ 21, 33 lastic constants defined by equations

(6-4); Computational formulas applicable
to conventicnal configurations are tabulated
in Sections 12.1 and 13.1.

a Spacing between rings; Coefficient in
quadratic equation (7-7); Postbuckling
variable defined by Figures 24 and 25.

" iffective width of basic cylindrical skin.

b Spacing between stringers; Coefficient in
quadratic equation (7-7); Postbuckling
variable defined by Figures 24 and 23.

Effective width of basic cylindrical skin.

e
s Thickness of integral longitudinal stiffener
(see Table XVI).
C Coefficient defined by equation (5-7);

Symbol to identify clamped boundary
condition; Deflectional spring constant

(force per unit deflection).
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equation (7-1)7.
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D . . ) ned .
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(6-4); Computational formalas applicable to
conventional configurations are tabulated

in Sections 12.1 and 13.1.

E Young's modulus in compression.
Etan Tangent modulus in compression.
F Eccentricity parameter defined by equation
G Shear modulus.
G Tangent modulus in shear.
tan
h Distance between middle surfaces of

sandwich facings; Corrugation pitch+4.

h Depth of integral longitudinal stiffener
(see Table XVI).
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skin included).
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membrane running load.
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external pressure acting alone.
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moment to the critical value under bending

moment acting alone.
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critical value for that type of load
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(o) of Table XVI.

Effective thickness defined by equation

(6-35).
Corrugation skin thickness.

Equivalent thickness defined by equations
{9-7) and (9-9).

Sandwich facing thickness.

Wall thickness for a monocoque circular
cylinder of same total cross-sectional

area as actual composite stiff-oned wall
(including all of the skin and stringer

material).

Same as tx except for effective width

considerations [ see note (m) of Table XVIT.

fiffective skin thickness defined in note

(n) of Table XVIJ.
Flexural strain energy.
Membrane strain energy.

Reference surface displacement in the

X coordinate direction.
Total potential energy.
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Yy coordinate direction.
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w Discrete radial force depicted in

Figure 13(a).

w Reference surface displacement in the
z coordinate direction.
v Uniformly distributed running radial
load depicted in Figure 15(b).
X Variable defined by equations (7-%).
x Longitudinal coordinate.
Y Variable defined by equations {(7-5).
y Circumferential coordinate.
z Radial coordinate.
a Parameter defined by equation (6-10).
B Parameter defined by equation (6-7).
r Correlation (knock-down) factor.
Y Thielemann parameter defined in
equatioge (6-5).
ny In-pla jear strain.
b Radial d@flection for the points of
load ﬁjldi-étion shown in Figure 15(a).
iy Deflection defined in note (j) of Table XVI.
L Rotation defined in note (k) of Table XVI.
6R Radial deflection due to uniformly dis-
¢ributed running load shown in Figure 15(b).
6 Deflection defined in note (j) of Table XVI. )
66 Rotation defined ir note (k) of Table XVI.
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LIST OF SYMBOLS
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€ Strain in x direction.

cy Strain in y direction.

np Thielemann parameter defined in equations
(6-5).

ns Thielemann parameter defined ia equations
(6-5).

9 Half-angle between discrete load points
shown in Figure 15(a).

v Poisson's ratio.

o) Radius of gyration.

pll tffective local longitudinal radius of

- gyration of shell wall [see equations

(6-33) and (6-34)]7.

022 Effective local circumferential radius of
gyration of shell wall,

) (Edi) Total peripheral length of corrugation
T center~line.

o Normal stress.
Cri i .

acc rippling stress

O.r Critical buckling stress.

(o ) Classical critical stress.

cr’ .
CL
ocy Compressive yield stress.
oo Critical value of uniformly distributed

compressive stress, if acting alone.
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LIST OF SYMBOLS

NOTE: Subscripts which are preceded by commas denote partial differentiation

with respect to the subscript variable. For example, the quantity

(Continued)
o Assumed proportion:! limit stress.
PL
op Critical stress for buckling of a flat
isotropic skin panel.
dR Critical stress for buckling of an
isotropic cylindrical shell.
owc Wide-column critical stress.
o . Ramberg-0sgood parameter.
o (
1 Shear stress,
10 Critical value of torsional shear stress,
if acting alone.
@ Parameter defined by equation (9-3).
Q Potential energy of external loading.

- 3%

',xg‘ is identical to 8;7;
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Buckling of Isotropic 3kin Panel - The initial buckling of the mono-

Tithic skin whose bound:rics are formed by the longitudinal and/or
circumferential stiffeners. Buckling of the wall of unstiffened

cylinders 1is 1 special instance of this mode of instability.

Loc1l Buckling of Longitudinal 3tiffencr(5tringer) - The initial |
buckling of any leg or arc length of the cross-sectional shape of a
longitudinal stiffener {stringer). Initial buckling of the outstancing

flange of a 4d-section stringer is an example of this mode of instability.

Crippling of Longitudinal Stiffener (stringer) - The final ultimite com-

pressive failure of a longitudinal stiffener which has a shaped cross
section and is given sufficient supnort to prevent panel instabilitv.

The =rippling stress is the nltim.te average stress for such 1« :trincer, .

Panel Instability - This mode of instahility manifects itself as a

[y,

bowing of the longitrdinal stiffencrs (stringers) into sne or uore long-

itudinal half-waves as shown in figure 1. The length of the half-wave

— N
Axial N —\

Load

-

\y ‘xial

Load

Buckled Confiruration

Stringer Configuration

Circumferential Just Prior to Buckling

Stiffeners (Frames)

Axis of Regolution

Figure 1 - Panel Instability
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must not exceed the spacing between the circumferential stiffeners
(frames). The frames do not participate in the radial bulging of the
buckle pattern. This mode of instability may or may not be preceded

by buckling of the isotropic skin panels and/or local buckling of the
stringers. The identification "Panel Instability” is somewhat of a
misnomer since this terminology could easily lead one to the erroneous
conclusion that reference is being made to the mode which is identified
above as "Buckling of Isotropic Skin Panel." A more suitable title could
be selected but in the interest of maintaining consistency with the
nomenclature usually found in the literature, the '"Panel Instability"

label has been retained in this report.

General Instability - This mode of instability involves the simultaneous

radial displacement of both the longitudinal and circumferential stiffeners

(stringers and frames). As shown in Figure 2, the axial half-wavelength

Stringer Configuration
Just Prior to Buckling

R P S —
>— - y - - - -
Axial i/- — > j Axial
Load \ Load
Buckled Configuration

Circumferential Stiffeners (Frames)

Axis of Revglution

Figure 2 - General Instability
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of the buckle pattern exceeds thc spacing between frimmes. This
phenomenon may or may not be preceded by buckling of the isotronic

skin panels and/or local buckling of the stringe:rs.

sStiffener Lccentricity - This is an internal structural characteristic

which results from non-symmetry of the local cross section of the shell
wall. The non-symmetry can be due to locuating a stiffener on either

the inside or cutside surface of the basic shell skin.

End Moment -~ This is an external characteristic associated with the
boundary load system. It can arise out of the introduction of long-
itudinal end load along a line of action which does not pass throuch

the centroid of the skin-stringer combination.

Stress nresultants - The six quantitics N_, N, N , N | 9 yand 2

- : . X y Xy yx X ;
obtained by integraition of the infinitesimal loads over the composite
shell wall (including skin and stiffeners), and the four quantitics

M, M, Mxy’ and Myx obtained by integration over the composite shell
wall (including skin and stiffeners) of the infinitesimal moments with
respect to an arbitrary reference surface. The force stress resultan.s
are expressed in units of force per unit length (1bs/in for example)

while the moment stress resultants are expressed in units of moment

per unit length (in-1bs/in for example).
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Shell (or Shell Wall) - Throughout this report, repeated use is made

of the terms "shell" and "shell wall'", These terms are not meant to refer
only to the basic cylindrical skin of the stiffened structure. They refer
to the entire composite stiffener-skin combination. Whenever it is
desired that reference be made solely to the basic monocoque cylinder
which the stiffeners augment, the word "skin'" will actually be included

in the identification.

Monocoque - This term comes from the French word meaning 'shell only"

and is used here to identify these configurations which do not incorporate
any stiffening members (integral or non-integral). Note, however, that

a monocoque configuration can have orthotropic properties.

Anticlastic Bending - Bending into a deflected shape for which principal

radii of curvature have opposite signs. Bending of an initially flat
plate into a saddle shape is an example. In addition, for beams, the

Poisson effect results in anticlastic bending as depicted in Figure 3.

Deflection Curve

Y .

-
//’EA

/\ N — )

~Deflection Section A-A\
Curve

—— o
—
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Figure 3 - Anticlastic Bending of Beams

GENERAL DYNAMICS
Convair Division

xxXviii




GIC-IDG66-008

1.0 INTRODUCTION

The structural components of aerospace vehicles are usually
subjected to a wide assortment of loading conditions which frequently
include loads of the following types:

(a) 1Axial compression due to longitudinal acceleration and/or

drag effects.

(b) Overall bending moment due to aerodynamic disturbiances and/or

transverse incrtia effects.

(¢c) Transverse shear due to aerodynamic disturbances and/or trans-

verse inertia effects,

(d) ixternal pressure.
ilthough dynamic phenomena are involved in some of these loads, many
related practical problems can he treated on the basis of equivalent
static Joading. The particular tyvpes of loading cited here sh re 2
common characteristic in that each can cause a structnral instability
to occur. ouch an instability manifests itself in the phenomenon
comaonly referred to as buckling. \ structure is said to buckle when-
ever a small increase in the applied load results in disproportionately
large deflections for reasons other thiin reduction in the slope of the
stress-strain curve for the material. This behavior can initiate de-
formation processes which lecad to total collapse of the structure, such
failures often occur very rapidly with little er no advance warning,
Obviously, the engincer must be equipped with workable analytical tools
for the prediction of such conditions if he is to properly design licht-

weight structures to support loads of the types enumerateu above,
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in designing cylindrical shell structures for aerospace applica-
*ions, stability considerations will often lead to the use of stiffened

configurations. In the past, analysis of the stiffeners has frequently

.

been accomplished by neglectiﬁg the fact that they are actually components

of a shell which provides a variety of interacting restraints to deformation.
For example, in the design and analysis of longitudinal stiffeners
(stringers), it has commonly been assumed that only the so-called wide-
column strength can be attained. In the past few years, however,
attention has been directed to the need for a more realistic approach,
partly because of the prominent role which eccentricities have been found
to play in the buckling of stiffened cylinders. The importance of
eccentricity is shown in the experimental findings of references 1, 2,
3yand 4 which clearly demonstrate that longitudinally stiffened circular
cylindrical shells with external stringers can have much higher critical
compressive loads than other cylinders which are identical in all respects
except for locating the stringers on the inside of the basic shell 'in.
The only hope for an accurate analytical assessment of this phenomenon
rests in the application of shell theory to the problem. A similar
situation also exists with regard to cylindrical structures which are
subjected to end moments in combination with any of the loading conditions
listed earlier.

In addition to the foregoing points, it should also be noted here
ihat engineers have iong been faced with a need for improved methods for

the determination of circumferential stiffening requirements. Designing
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for the prevention of general instability in frame-stringer con-
structions usually centers aroun: the choice of suitable dimensions

for the frames. Over the years, a number of crude empirical and rule-
of-thumb techniques have been emploved for this ourvose. Such pro-
cedures, used in conjunction with generous safety fuactors and extensive
proof testing, have proven adequate for most applicitions of the past.
However, the requirements of the aerospace program become increasingly
more stringent and it is now required that an approach be taken which
properly identifies all the important variables related to the problem
and provides a reasonably accurate numerical evaluation of their in-
fluences. lere again, one must resort to the use of shell theory to come
up with suitable criteria,

The intent of this report is to provide the engineer with workable
analytical tools for the prediction of instability in unpressurized,
stiffened, circular cylinders, based upon orthotropic shell theory.

In addition, methods are given for predicting buckling of the isotropic
skin panels of such cylinders. In general, the emphisis is on approx-
imite techniques which are primarily of use in preliminary sizing, rouzh
checkinyg, and the study of trends. These technijues constitute simplifica-
tions which are not mrant to provide final detailed analysis. The
simplifications were necessary to restrict the design curves to a

reasonable rumber and to retain a sufficient degree of clarity for the
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early phases of design and analysis. In particular, the approximate
methods presented ignore the influences of several of the usually

less crucial stiffnesses inhcerent in the orthotropic shell. In
addition, as presented here, the simplified approach deals only with
cases which do not include any eccentricities or end moments. However,
the approach could be extended to include eccentricity influences
without an undue amount of difficulty, particularly in the case of
cylinders which incorperate only longitudinal stiffening. It should
be noted that the neglect of certain of the existing stiffnesses should
result in conservatively low predictions of critical loads. This is
borne out in the test data comparisons shown in the report.

Although a clear need exists for simplified analysis me thods
which minimize the degree of compiicating detail, it 1s likewise
recognized that more rigorous means must be provided for the final
analvsis of sclected configurations. Methods of this type are also
discussed in the report and recommendations are made concerning their
use. One of these is a digital computer program which was developed
using the orthotropic shell solution of reference 5. This solution
includes the influences of both longitudinal and circumferential
stiffener eccentricities. The program provides a powerful tool
which shourw enjoy a wide scope of application. The input and output

of the program arce fully discussed to facilitate its ready use.
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The report is orginized into two separate parts, the first of
which presents the thesretical and cmpirical founditions that form
the basis for the proposed methods. Part IT then gives detailed
procedures for the application of the methods. These procedures are
presented in such a manner that they miay be employed without extensive
knowledge of the material in Part I , However, for full appreciation
of the probiem and to best interpret the analysis, it is recoamended
that, wherever possible, the user be familinr with the entire report.

Although both the approximate and the more rigorous methods cited
in this report have general appli-ability to a wide variety of stiffened
circular cvlinders, it is anticipated that the most important applica-
tions will be for the assessment of the capabilities of current aero-

space vechicles and to the future desizn of large aerospace structurecs

including those of the reuscable type.

J

i
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2,0 CONCLUSIUNS

(a) Ali ob: ctives set forth in dxhibit A of NASA Contract
NASB-11181 have been met. In broad terms, these objectives were ds
follows:

(1) Using the Schapitz criterion (6]*, develop buckling
cu.ves for curved isotropic skin panels subjected to
edge compression.

(2) Using orthotropic shell theory, develop buckling curves
and analysis methods for both panel instability and
general instability in stiffened circular cylinders
subjected to axial compression.

(3) Test the applicapility of the developed methods by
comparing predictions against experimental data.

(b) The major portion of the results from this study are in the
form of simplified analysis methods for use in preliminary sizing,
rough checking, and the study of trends. More rigorous mcthods are
also presented for detailed final analysis purposes. Both types of
solutions are essential to the design and development process.

(¢) The criterion used for the determination of critical stresses
for the buckling of isotropic skin panels was adapted to include lower-
bound predsctions in cases where the stringer spacings are large and
full-cvlinder behovior is approached. \s the panel size decreases
and flat-plate behavior is approached, the test data show considerable

seatter on cither side of the predicted values. Hence, caution must be

*Numbers in brackets "' in the text denote references listed in
Section 19,
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exercised in the interpretation of predictions in this latter regime.
However, onc should consider that, as flat-plate behavior is approached,
the postbuckling load will increase and it might be possible to tolerate
initial buckling depending, of course, vpon the particular application.
Further work is recommended to improve the reliability of the predictions
in this area. This is discussed more fully in Sgction 4, "Recommendations",.
(d) The curves which have been developed for the buckling of

longitudinally stiffened circular cylinders provide conservitive pre-

- dictions for their intended application to configurations which have

no eccentricity. The conservatism is due to the neglect of certain

stiffnesses in the simplified theory employed. However, even this

simplified approach constitutes a significant advance over methods

which either neglect the shell-type redundancies or do not recognize

the influences manifested in the minimization factor N .

(e) \lthough a basically sound method has teen proposed for the
determination of fixity factors, considerable uncertainty still remains
in connection with the computation of required spring constants, Until
further work is accomplished to resolve this uncertainty, it is re-

conmmended that the value CF = 1.0 be employed for the design of long-

itudinally s*iffened sections which lie bhetween rings. \ny further
work undertaken in this area should couple the circumferential width

- i of the anticipated buckle pattern into the computation.
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(f) The curves which have been developed for the general in-
stability of stiffened circular cylinders provide conservative pre-
dictions for their intended application to configurations which have
no eccentricitics. The conservatism is due to the neglect of certain
stiftfrnesses in the simplified theory employed. However, even this
simplified approach accounts for many wore interacting influences than
does the so-called Shanley criterion [71 that has enjoyed widespread

popularity for over fifteen years.

(g) 1t is concluded that the theory of monocoque orthotropic
shells can be successfully applied to predict the buckling of circular
cylinders with discrete longitudinal and/or circumferential stiffening
by means of the "smearing-out" technijque. This involves the mathematical
artifice of converting the discrete stiffness values into equivalent
uni formly distributed stiffnesses. However, certain precautions must
be tiken as oointed out in the procedures presented in Part II of this

report.

(h) It is pussible to adapt monocoque orthotropic shell theory
to a wide variety of stiffener configurations by properly computing the
so-call d elastic constants, For shaped longitudinal stiffener con-
ficuratic-s such as hats, 2's, etc., it is important to account for the

possibility that crippling might occur,
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(i) The methods presented in this report can be readily extended
to analyze configurations which toler.ite buckling of the isotropic skin
panels or local kuckling of longitudinal stiffeners prior to the catas-
trophic mcdes of instability. In such instances, iterative computations

are required which include effective width ccnsiderations and reduction

P

of the in-plane shear stiffness of the skin panels based upon their

postbuckling characteristics.

(j) As one might intuitively expect, and as shown by test [8],
the buckling stress for corrugated cylinders which do not incorporate
any intermediate circumferential stiffeners will often be essentially
equal to the Euler column value of an individual corrugation. The
accordion-like flexibility in the circumferential direction minimizes
the shell-type restraint to buckling. 2}nalytically, this situation mani-

~—

fests itself through a severe reduction in the minimization factor N .,

(k) The available test data for stiffened cylinders sencrally -ere
cbtained from specimens which incorporite eccentricities. Since the
simpiified analysis methods presented in this report apply only to cases
with no eccentricity, auxiliary computations were required to assess the
magnitudes of eccentricity influences when making comparisons of theoretical
predictions versus the test data. From this work, it is concluded that
the eccentricities often play a dominant role in the buckling process.
Clearly there is a need for the engineer to be equipped with workable
techniques for the numerical evaluation of this influence. This is dis-

cussed more fully in Section 1, "Recommendations'".
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(1) \lthough some of the design information presented in this
report is limited in application to a particular material, there is
nothing inherent in the proposed methods which prohibits direct ex-
tension to other miterials by proper choice of input material properties.
Similarly, extension to elevated or cryogenic temperature applications

can be readily accomplished by adjustment of these properties.

(m) The Thielemann equation which provides the basis for the
general instability analysis of this report [ see equation (7-2)7] was
evaluated for applicability te sandwich configurations. Based on results
obtained from the analysis of six arbitrary cylinder geometries, it is
concluded that this equation essentially agrees with the classical small-
deflection theory of reference 9 whenever the transverse shear stiffness
of the core can he assumed to be infinite. Since for practical sandwich
configurations this assumption will frequently be inappropriate, the

referenced Thielemann egquation will have very limited application to this

type of constructien, In addition, the general instability design curves

of Section 13.2 are based upon the simplifying assumption that certain 4

\

of the stiffnesses (D and 033;

12 involved in the Thielemann equation

are each equal to zero. These particular stiffnesses will probably be
more crucial to sandwich configurations than they are to discretely '
stiffened designs. Hence, in general, neither equation (7-2) nor the

general instability design curves of 3ection 13.2 should be considered

applicable to sandwich construction,
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(n) For external loading combinations of

(1) Axial compression and shear

(2) Axial compression and external pressure

(3} Axial compression and pure bending
straight-line interaction curves having vertical and horizontal inter-
cepts of unity are given as a practical expendiency for preliminary
estimates. Unlike the practice followed for isotropic cylinders, the
proper presentation of intoraction effects for combinations (1) and (2)
above would require the use of multiple plots which are geometry dependent.
It appears that the recommended straight line wil! furnish a lower bound
to these families. For improved analysis of combination (2), a digital
computer program presented in the report should be used. This same program
may also be used to obtain interaction estimates for the case of axial com-
pression and internal pressure. However, both in this instance and for
combination (2) above, one must keep in mind that none of the methods of
this report account for the pre-buckling discontinuity-type deformations
which result from the presence of pressure differentials across the shell
wall,

(0) The influence of imperfections will usually be of lesscr im-

portance to stiffened cylinders than they are to monoco:ue cvlinders.
Generally speaking, stiffened configurations will have higher effective

wall thickness values so that their R/teff values will be lower.
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Nevertheless, considerable uncertainty still exists relative to this
entire question. it the present time, the best that can be done in
the way of obtaining a numerical assessment of the imperfection in-
fluence is to employ a correlation (kncck-down) factor derived or the
basis of monocoque test data. This factor must be considered to be a

. R
function of an /teff variable.

(p) A reliable orthotropic cylinder analysis method is needed for
situations where the shell boundary restraint is other than classical
simple support. The methods of this report employ an approximate

engineering approach for evaluation of this effect.
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3.0 LIMITATIONS

Wherever necessary to gudard against misuse of the methods pnresented,
attention is drawn to detailed limitations throughout the report. The
followigg constitutes a listing of only those limitations which have
broad implicitions:

(a) \11 of the results presented in this report are based on suall-

- deflection theory. Imperfections are handled in an approximate manner by
means of a correlation (knock~-down) factor derived on the basis of mono-
coque test data.

(b) In general, pre-buckling bending deformations of the shell wall
are not included in the analysis mcthods. Hence, in general, considera-
tion is not given tec the effects of end moment and the non-cylindrical
deformations due to either pressure differentials or restraint to Poisson-
ratio hoop growth. Although the digital computer program of reference 10
can account for pre-buckling bending deformations, it is presently too
highly specialized in application to be regurded as a geqerul working
tool.

(¢) The analysis methods that make use of the design curves are
simplified approaches which do not account for stiffcner eccentricities.
The only means provided in this report for evaluation of eccentricity )
influences is a digital computer program hased on the solution of
reference 3.

(d) In accordance with the specification of NASA Contract NAS8-11181,

the design curves furnished for the compressive buckling of longitudinally
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stiffened circulur cylinders apply only to 7075-T6 aluminum alloy
cylinders.

(e) The design curves farnished for both the compressive buckling
of longitudinally stiffened circular cylinders and the critical com-
pressive loading coefficient for the general instability of stiffened
circular cylinders are all based on the simplifying assumption that
T\p = 0,(012 = 033 = 0) .

(f) Throughout the entire report, it is assumed that transverse

shearing deflections of the shell wall are negligible.
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4,0 RECOMMENDATIONS

The studies porformed by Convair under NASA Contract NAS8-11181
have led to a recognition that sev-ral extensions and applicitions of
this work would be quite useful and would add to the benefit derived
from the effort already expended. The main objective of this supple-
mentary effort would be to keep the designer and analyst abreast of the
most rccent advances concerning the structural stability of stiffened
shells and to furnish practical means for incorporating these findings
into the structural analysis. The specific tasks which are recommended

at this time are as follows:

Parametric Studies and Yeight-Strength Analysis (Including Eccentricity

Influences) - This task includes the performance of parametric studies =
involving various spacings, stiffener shapes, eccentricities. diameters,
etc., in order to provide measures of the relative importance of these
various geometrical features. For example, a study would be included
which explored the importance of stiffener eccentricity over wide ruanges
of stringer and frame stiffness values. In addition, investigations
would be conducted to establish relative efficiencies between designs
which tolerate buckling of the isctropic skin panels and those con-
figurations which preclude such behavior.

This task would also include the development of weight-strength
analysis methods which could assist in the selection of candidate
designs for proposed applications. For this purpose, a digital com-

puter program would be developed which provides both output listings

GENZRAL DYNAMICS
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and automated plotting of a variety of curves. separate families of
curves cculd be plotted which show total weight versus an independent
variable and a parameter, both of which could be chosen by the user
from among a pre-determined selection of optional variables.,

All work performed under this task would be based on orthotropic
shell theory and would account for eccentricities of both longitudinal

and circumferential stiffeners.

Supplementary Empirical Refinement - The results obtained by Convair

under NASA Contract NAS8-11181 include a series of curves for the
prediction of critical compressive edge loads for curved isotropic skin
panels. These curves are based upon the approach proposed by Schapitz
in reference 6. This criterion recognizes two regimes of response for
the curved skins. One of these is primarily a region of transition
hetween flat-plate behavior and that of a full cylinder. The second
regime 1s encountered when the spacing between longitudinal stiffeners
becomes sufficiently large for the panel to behave in essentially the
same manner as a complete monocoque cylinder of the same radius and
thickness. For this second regime, experimentally determined lower-
bound correlation (knock-down) factors were applied to the results
fcom classical small-deflection theory to arrive at appropriate pre-
dictions. Since the transition region is forced to blend into the

full-cylinder behavior, it would be expected that comparisons against
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test data would show that, as the size of the panel increases, the
prediction curves tend toward a lower bound to the data. The results
presented in this report show that this is indeed the case. However,

it has also been observed that, as the panel size decreases and flat-

plate behavior is approached, the transition criterion does not yield

predictions which are consistently conservative. That is, for these
panels, the test data show considerable scatter on either side of the
predicted values. It is therefore recommended that an improved ex-
pression be developed for the transition curve such that lower-bound
predictions are obtained throughout all regimes. A possible exception
might be allowed for those situations which approach flat-nlate bhehavior
so closely that one may safely rely upon the existence of adequate post-
buckling strength for the panel.

In addition to the foregoing effort related to the isotropic skin
panels, this "Supplementary Empirical Refinement' task would also include
further consideration of the composite cylinder. In this connection,
supplementary test data reduction would be accomplished to more completely
exhaust the remaining available sources. The additional information
obtained from this effort would be reflected hack into the proposed
stabiiity analysis procedures to provide improved techniques of in-

creased reliability.
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Plotting of Supplementary Design Curves - Under NASA Contract

NAS8-11181,Convair has developed a series of design curves showing
predicted compressive buckling stresses for longitudinally stiffened
7075-T6 aluminum alloy circular cylinders. It is recommended that
additional curves of this type be generated for other materials of
interest to current and future aerospace programs. It is further
recommended that a study be conducted to determine the feasibility

of generating lesser numbers of curves, on a non-dimensional basis,
which would have general applicability to all materials. If this should
prove feasihle, these tco should be piotted.

The curves which have already been plotted for the 7075-T6 long-
itudinally stiffened cylinders require that the user establish the
appropriate magnitude of a minimization factor N . Curves have heen
developed from which this value can be determined in ciases which involve
no eccentricity. It is recommended that these curves be supplemented
i by additional families that are applicable in the presence of

eccentricity.

\11 of the shell buckling curves developed by Convair under NASA

Contract NAS3-11181 are founded upon the usual thin-shell assumptions.
\s a result, transverse shearing deflections of the shell wall are
completely neglected. For most types of practical stiffened shell

structures currently used in the aerospace industry, these shearing

deflections are sufficiently small to justify their neglect. However,

~
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for certain important configurations, such as sandwich constructions,
these shearing deflections are not negligible and they do play a
significant role in the buckling process. It is therefore recommended
that additional buckling curves he developed which account for the
transverse shcaring deflections, where important. Such curves would
enable the engineei to consider the use of sandwich-type cylindrical
walls augmented with longitudinal and/or circumferential stiffencrs.
This could prove to be a configuration of interest in situations where
the sandwich wall would be desirable for insulating purposes, meteoroid

protection, etc.

£xtended Interaction Study - The studies conducted by Convair under

NASA Contract NAS8-11181 included a limited effort in connection with
interaction effects for stiffened circular cylinders subjected to the
following combinations of applied loading:

(a) Axial co.pression and shear.

(b) Axial compression and internal pressure.

(c) Axial compression and external pressurce.
In the course of this investigation it was discovered that for any of
these combinations a single interaction curve is not sufficient to
describe the behavior of stiffened cylinders. Hence the primary inter-
action analysis tool which emerged from this study is in the form of a
digital computer program developcd for the buckling solution of

reference 5. Since this solution is limited to cases involving no
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externally applied shear forces, it is recommended that extensions
be developed to properly include this variable in the final formula-
tion. It is also recommended that further study be undertaken which
would make use of dimensional analysis technigues to establish suitabie
parameters for the presentation of multiple interaction curves applicabl -
to stiffened circular cylinders.

None of the effort recommended in this task would include con-
sideration of influences due to discontinuity-type deformations that
will usually be of importance in cases that involve pressure differentials.
These influences are separiately discussed in the nexf task to be re-

comme nded.

Pressure Effects - Most of the work performed by Convair under NAiSA

Contract NAS8-11181 and most of the foregoing recommendations are

app icable only in the absence of any pressure differential across the
shell wall. The only considerations which have been given to pressure
effects relate solely to the development of interaction curves without
recornition of any influence from the discontinuity-type deformations.
It is therefore recommended that an extensive program be undertaken to
develop practical methods for the proper evaluation of all influences
due to pressure. This evaluation should recognize two basic areas of
interest. The first of these relates to the stress problems which

arise out of the longitudinal and circumferential bowing created by the
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presence of stiffeners., Secondly, onc must consider the effects which
these pre-buckling deformations have on the critical buckling load.
Throughout both phases of this investigation, attcntion must be given
to coupling effects betwean radial displacements and both the long-

itudinal and circumferential membrane loads,

Extension of Stuhlman Digital Computer Program - It is recowmmended

that the digital computer program of reference 10 be modified to permit
the input of hand-calculated elastic constants. This would provide a

detailed-analysis tool of much greater versatility than the present

program whose input format limits the application tc one particular tvpe

of wall cross section.
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PART I

THEORETICAL AND
EMPIRICAL FGUNDATIONS
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5.0 BUCKLING OF ISOTROPIC SKIN PANJLS
SUBJECTED TO wDGE COMPRESSION

General
Buckling of the isotronic skin panels which are bounded by the
stiffening elements of an orthotropic cylinder is a localized mode of
compressive instability. Reliable means for prediction of such com-
pressive strength is essential to optimum design although buckling of
the isotropic skin panels may not necessarily be the limiting factor in
the collapse of the structure; i.e., it is possible tc design a structure
employing stiffening elements so that buckling of the isotropic skin
panels is permitted prior to either the so-called panel instability
(ref. Glossary) or general instability loads. On the other hand, it may
be desirable to prevent buckling of the skins at loads below the panel
instability or general instabilitv levels if such buckling adversely
Affects the integrity of the structure in other ways (fatigue, excessive
ormations, etc.). Whether or not the design criteria will permit
- <ling of the isotropic skin panels, it is important that sufficiently
clichle means for determination of their critical loads be available

to the designer and analyst.

The Schapitz criterion [6] forms the basis for the analysis pro-

cedures presented here and supplies the means for evaluating the effects
of skin panel geometry as the transition is made from wide panels be-
hiaving like monocoque cylindrical shells to smalier panels which approach

fl.:t plaite behavior,
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Three empirical analysis techniques were prepared for the case
where longitudinal stiffeners are widely'zpaced giving panel behavior
similar to that of a cylindrical shell. One of the technijues results
in typical strength predictions for comparison with test data while the
other two give design levels of high reliability recognizing scatter
which exists in actual strengths. The recommended design procedure is
consistent with that of NASA Space Vehicle Design Criteria (117 for
monocoque cylinders.

For the limiting case of flat plate behavior for isotropic skin panels -
bounded by closely spaced longitudinal stiffeners, conventional flat
plate theory is employed in the Schapitz criterion. While it is widely
recognized that test data in flat plates also exhibit considerable scatter,
they can continue to support steadily increasing loads well into the post-
buckling regime. This is in contrast to the sudden drop-off in load
usually observed for monocoque cylinders. As a consequence of postbuckling
load=-carrying capability, the full theoretical buckling level is utilized
for the isotropic skin panel as the boundary case of flat plates i;
approached. As a result,caution must be exercised in emploving the
Schapitz criterion in the transition region where unconservative pre-
dictions may result due to the possibility of the post-buckling behavior
of the curved plates being more severely influenced by cylinder mechanisms

than assumed by the Schapitz criterion.
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In this section, the results of the investigation are presented
in terms of analytical expressions. Procedures and curves are given in

Section 11 of Part 11.

(%]
[

Buckling Criterion

The buckling criterion for isotropic skin panels is based on
juations derived by Schapitz [6] which constitute extensions to the
theory presented by Timoshenko (12]. The results of thesec extensions

are embodied in the following criterion for buckling of curved isotropic

panels:
When o, = 20 (5-1)
R P
2
°R
then o = 0+ (5-2) {
cr P 40
~ p
and
when o, > 20 *(5-3)
R P
A - -4)
- then o.. = % (5-4)
where,
o = Critical stress for buckling of a flat
P isotropic skin panel,
_ 9, = Critical stress for buckling of an

isotropic cylindrical shell.

o = Critical stress for buckling of a
cr , . .
curved isotropic skin panel,

Equation (5-2) supplies the transition relationship for skin panels whose
geometry results in behavior somewhere between that of a flat plate and

that of a ¢cylindrical shell., The two bounding conditions are then: ‘
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(a) The spacing of the longitr:dinal stiffeners is very small
8o that the effect of curvature becomes negligible and the
skin panel may be considered to be flat., Fixity along
the longitudinal edges has marked influence on the critical
buckling load.

(b) The spacing of the longitudinal stiffeners is large so that
the skin panel behavior is like a cylindrical shell and the
fixity effect at the longitudinal edges is negligible.

For condition (a), the familiar theoretical flat plate buckling stress

governs and op becomes:

2
E t
c =K — = (5-5)
p - Usle]l (02 (b )
where K, = Buckling coefficient (a function of aspect ratio) for

flat plate having all edges simply supported.
K = Buckling coefficient (a function of aspect ratio)
for flat plate having loaded edges simply supported and

longitudinal edges clamped.

i E = Young's Modulus.

p v = Poisson's ratio.
t = Thickness of isotropic skin panel,
b = Spacing between stringers,
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For condition (b), th¢ uuckling stress for an isotropic cylindrical
shell governs and although theoretical levels are generally accepted
for flat plate behavior, it is well known that practical cylindrical
shells buckle under longitudinal loadings significantly below
theoretical levels and that considerable scatter exists in the avail-
able test data. Becausc of this variation from theory, three semi-

empirical approaches were examined for the determination of o, as

R
follows.
OPTION 1) The lower bound approach of Seide, et al. [13]:
t
g9, = CE 9 (5-6)
- L\/R
where C = 0,605 - 0.546 [ 1-e 16 V ¢ (5-7)
o R = Radius of isotropic skin panel
OPTION 2) The "best-fit'" or "mean-expected" relations f14]
v which may be rewritten in terms of the parameters
of interest here as:
“1¢6 “'103
ab R ~fRab
- =< — = . - - = = -
=R < 1.0—0p =11.28 (t) + ().109&.(,c . R) (5-8)
—1-() "1.3
) ) .[Rahb
abae 1.0—+ck-ll.28<€> +0.109L(tbR)
b R
bl -106
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where a = longitudinal length of isotropic skin panel;
frame spicing

b = width of isotropic skin panel; stringer spacing

OPTION 3) The statistical level [ 147 which represents 90%
probability with 95% confidence; i.e., there is
95% confidence that 90% of specimens tested would

exceed the buckling levels given by:

"1-6 -103
ab R Rab
-— - < = . D — R DA — o — =_
bR 1.0 — o 8.01L ( ry > + 0.0761 (t i ) (5-10)
-106 -103
ab R Rab
- 2> — ‘2' Py . ’.2 - wm -
-1. o

) (5-11)

OPTION 1 is the recommended procedure for the determinition of

1
-
-
e
[00]
AN
|3
A
o
(]
a
(4]
NN
T
=<ic

% because of its simplicity and its inherent high reliability due to
the fact that equation (5-7) represents a lower bound to test data.
However, the test data were guthered over somewhat limited parameter
ranges and panel length effects would be neglected usineg opTIuN 1.
OPTION 1 i. the same method as that employed for isotropic cylinders in
reference 11,

OPUIONS 2 and 3 were investigated because of their inferred
length effect and because (OPTIUN 2 would give '"mean-expected" o

R
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strengtus for comparisons of the Schapitz criterion with test data.
OPTION 3 was investigated because of the known high reliability of the
analysis and inclusion of length effects.

It was found that for usual configurations involving both longi=-
tudinal and circumferential stiffening, OPTIONS 1 and 3 give essentially
the same results for QR .

In order tn permit representation of the buckling criteria of
equations (5-1) through (5-4) in graphical form, equation (5-5) was

written as

E 1

ap = Ks[c] 1_v.?. R 2 b 2
(&) (%)

Using op as determined by equations (5-6) and (5-7) with op from

(5-12)

equation (5=12), it is thus possible to arrive at families of curves

of O, OF ocr/E versus R/t for various b/R, and K values. For
practical purposes, it is prudent to consider the loaded edges of the
panels to be simply supported and neglect the influence of fixity there.
This might be expected to result in conservative estimates of K for
equation (5-12). With the assumption of all edges simply supported

(Ks) or simply supported loaded edges and clamped longitudinal edges
(KC), K becomes a function of the aspect ratio a/b [15] . Thus the

relevant purameters are selected to be ccr/E , R/t, b/R, a/b , and

the type ol support afforded to the longitudinal edges.
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If % is determined by OPTIONS 2 or 3, the length parameter
a/R becomes significant but since this can be expressed in terms of

ab s .
LR MO additional parameters are required. However, many more

families of curves are required to describe desired parameter ranges
for OPTIONS 2 and 3 than for OPTION 1,

On a logarithmic plot, the buckling criterion of e.uations (5-1)
through (5-4) may be represented nondimensionally as shown in Figure 4.
The transition curve, equation (5-2), becomes tangent to the cylinder
curve when aR = 2cp . For all R/t greater than that of the tangency

point, the skin panel behaves as a cylindrical shell whereas for smaller

R/t, the transition relation, equation (5-2), applies.

|
|
|
| % = constant
g
| -£r
E b
R = constant
o
R K = constant
L

R/t
|
|
L’ Figure 4 - Nondimensional Logarithmic Plot of
B .
D; Buckling Criteria for Isotropic Skin Panels
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Equations (5-1) through (3-12) were programmed for use on a
digital computer and an automatic plotter so that familiecs of curves
or solutions for particular geometries could he obtained as desired.
The computer program is described in Section 18.1 c¢f this document.
Detailed design procedures and discussion of the design curves are pre-
sented in Section 1ll. Supp!zmentary curves from OPTIONS 2 and 3 are

presented in Appendix A,

5.3 Comparisons \gainst Test Data

Limited comparisons were made of the analyses of Section 5.2
against test data 16, 17! . Included were data for buckling of skin
panels from 17 longitudinaily stiffened <ylinders (3.4 < a/b < 17)

46 tests of curved panels having clamped ecdges (2 < a/b < 6), and 14

flat plates having clamped edges (2 < a/b < §). The flat plate data

were compared with equation (5-5). The remaining data were compared with
results of analyses employing equations (5-1) through (5-4) with (5-5)
and each of the following [equations (5-6) through (5-11)]:

a) OPTION 1 (lower bound o)

R
b) OPTION 2 (mean value °R)
c) OPTION 3 (90% probability o)

R

In every case, it was assumed the loaded edges were simply supported and
the unloaded edges were considered both simply supported and clamped.

The digital computer program describa:d in Section 18.1 was employed to
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obtain calculated buckling stress values. Results and test data are
presented and compared in Table I and Figures 5 through 7.
As may be determined from Table I, the flat plate tests covecred

< 1.29 with an average value of o /

st P ctest

3] . < o
the range 0.869 p/ote
=1.08 for the unloaded edges clamped. For comparison, assuming all

edges simply supported (although tests were clamped), the analysis

showed 0.5C0 < ap/ate

st

< 0.745 with an average value of ap/c test = 0.619.

This considerable scatter in test data for flat plates has not
usualiy been considered a serious problem since their postbuckling
strength is known to be significantly higher than the buckling load.
However, when such plates are part of a stiffened structure, their
change in stiffness due to buckling could cause lcad redistribution which
wvould affect stability strengths of the composite structure in other
modes.

The 46 curved panels gave results which may be summarized from

Tabl= I:
ANALYSIS TEST ,

OPTION UNLOADggGE COEE;E;SN EDGE CONDITION dcr/otest acr/dtest
EDGES EDGES ALL EDGES RANGE AViERAGE

1 SS SS C 0.214-1.29 0.587

Cc SS C 0.263-1.72 0,715

2 SS 38 C 0.288-1,70 0.746

Cc SS C 0.308-1.95 0.906

] S8 SS C 0,194-~1.21 0.576

ol SS Cc 0.250-1.68 0,707
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The 17 longitudinally stiffened cylinders had panel edge conditions
actually somewhere between SS and C and gave results for skin

panel buckling strengths as follows:

ANALYSIS TEST
OPTION EDGE CONDITION EDGE CONDITION o, /% st o /o
UNLOADED LOADED r cr’ “test
EDGES EDGES ALL EDGES RANGE AVERAGE
‘ 1 SS SS > 88, <C 0.338-0.700 0.514
i C SS > 88, < C 0.431-1.20 0.808
; 2 SS SS > 88, < C 0.451-0.709 0.580
c S8 > 88, <C 0.501-1.21 0.846
3 SS SS > 858, < C 0.312-0.697 0.505
C SS > 88, <C 0.423-1.20 0.801

The rather large scatter in the test data was expected in the
O = O, Trange and it should be noted that through the use of either

OPTION 1 or 3, < 1 for each specimen where © = Oy

ocr/ctest cr R

However for o _ in the transition range (and for flat plates),
ocr/otest as calculated by the Schapitz criterion also shows considerable
scatter but in addition can be unconservative with respect to the test
data. It should also be noted that the panel tests were likely quite
sensitive to actual edge conditions, load introduction techrniques, etc,
The assumption of simple support along loaded edges tends to introduce
underestimation of the test result, which is the observed averacge

effect, ~ithough there appears to be a trend toward overprediction of

buckling strength in the transition range (OR < 2ap) .
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It is expected that OPTION 1 with the assumption of all edges
simply supported would give the most realistic values for design
purposes but it is also acknowledged that the undesirable scatter
shown in Table I and Figures 5 through ? indicate a more conservative

criterion for °p or the transition relationship would be desirable.
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6,0 COMPRESSIVE BUCKLING OF
LONGITUDINALLY STIFFENED
CIRCULAR CYLINDIRS

General

This phase of the study applies both to entire cylinders which
incorporate only longitudinal stiffening, and to sections which lie
between the circumferential members of cylinders which include both
longitudinal and circumferential stiffening. In the latter case,
the methods presented furnish a means for prediction of the panel in-
stability mode of buckling. As presented in this report, the procedures
deal primarily with configurations for which neither buckling of the
isotropic panels nor local buckling of the longitudinal stiffeners is
pecrmitted. However, the methods can be extended to situations which
do not satisfy these restrictions and brief mention is made in Fart 11
of the means by which this may be accomplished.

Buckling Criteria

Almroth Extension to Thielemanr Solution

Tn the solution of buckling problems, a number c¢f different
approaches may be taken. Two of the most commonly used techniques are
the minimum energy method and the bifurcation concept. Thc former is
based upon the theorem of minimum total potential energy wbich may be
stated as follows:

A conservative system is in a configuration of stable equilibrium

if, and only if, the value of the total potential energy is a

relative minimum,
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To apply this theorem, one must formulate the total potential energy
of the system, impose the mithematici:l artifice known as a virtual
displacement, and examine the sign of the second-order encrgyv changes
(second variation). The second variation must be positive definite
(positive regiardless of the sign and form of the virtual displacement)
for stabilityv to exist,

The bifurcation concept, originally developed by Poincaré
[credited in ref. 187 in 1885, constitutes an equilibrium approach to
the problem of buckling. Any point at which a single equilibrium
path branches into two or more equilibrium paths is known as a bi-

furcation point. An example of this phenomenon is shown in lFimure 8.

Bifurcaticn Point

Axial
Compression
Load

End Shortening

Figure 8 - Equilibrium Paths For a Perfect
Isotropic Circular Cylinder Subjected to Axial Compression
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This figure depicts the eqmilibrium paths for a perfect isotropic
circular cylinder subjected to axial compression. As a rule, the un-
buckled configuration becomes unstable at a bifurcation point, and the
bifurcation approach to buckling analysis involves a search for these
points. In this search. one must study the character of the equili-~
brium behavior. As in the Thielemann derivation [19],this study may
be conducted with the assistance of energy principles. Such investiga-
tions should not be misconstrued as constituting a minimum energy
approach, however. In the minimum energy method, a so-called second
variation is examined. On the other hand, the bifurcation method in-
volves the study of only the so-called first variation. That is,
in this case the system is subjected to a virtual displacement and the
first-order change (first variation) in the total potential energy is
tested for compliance with the principle of stationary potential energy
which may »» stated as follows:
A nece~.rry and sufficient condition for the equilibrium of an
elastic body is that the first-order change in the total
potenc:at energy of the body be equal to zero for any

virtual displacement.

Most of the stiffened-cylinder analysis methods presented in
this report are outgrowths of the formulations derived by Thielemann
(19] in 1959. The particular formulations used here were based on

the classical small-deflection theory which locates a bifurcation point
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along the initially linear equilibrium path of a perfect monolithic
orthotropic circular cylinder subjected to axial compression. The

use of small-deflection theory raises some important questions as to
the influence of initial imperfections and their interrelationship with
the shape of the postbuckling equilibrium path. This matter will be
taken up in Section 9, "Initial Imperfections'. Using the coordinate

system depicted in Figure 9, the Thielemann equations wcre obtained

Middle-Surface of
Monocoque Shell

Figure 9 - Thielemann Notation
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by first formulating the following expressions for the membrane
strain energy Um , the flexural strain energy Ub y and the sotential

energy (1 of the external load:

L 2xR
1 2 2 5
Um =35 f/ [Alle + 2A12NxNy + A22Ny + ‘\33ny ] dx dy (6-1)
0O o
l.. 2nR
1 [ ‘b 3 2 - - _ 2
U = =
b 2_/ f Dllw,xx + 2D12w,.cxw,yy + D22w,yy
O O
_ 2
D a -2
+ ADgw oy ) dx Gy (6-2)
2aR L
Q- . -
= f (Nx) . dyf v dx (6-3)
0 x= 0

The total potential energy of the system is then expresscd as follows:

i V = Um + Ub + Q

} The principle of stationary potential energy is then utilized to establish

the character of the equilibrium for this system.

In Figure 9, the quantities x, y, z are the coordinates and u ,

Vo, w represent raference-surface displacements in these respective
directions. In equations (6-1) through (6-3), the N's represent
appropriate stress resultants while the Aij's and Dij's are the so-

called elastic constants. These constants arise through the following
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expressions which relate the stress resultants to the deformation
of the cvlinder:

A N + A N

]
i

y Ao Ny A22My

~
i1

ny - A33ny
- - (6-4)
Mx = Dllw,xx + D12w,yy
M =D, w w
y 21w,xx * D22w,yy

D
Mxy 2 33w,xy

Attention is called to the fact that, throughout this report,
subscripts which are preceded by commas denote partial differentiation
with respect to the subscript variable. For example, the quantity
- L . 32w
¥ <y 18 identical to 3x3y + Thus, in the first of ejuations (6~4)
the absence of commas before the subscripts indicates that these are

simply direction identification symbols, whereas in thc fourth of

equations (6-4) the presence of the commas indicates roference to the

2= 62-
partial derivatives é—% and -—%
3x” 3y>
X y

One of the attractive features of the Thielemann equations is
their compact and informative structure. This was achieved through the
introduction of a dimensionless load parameter N and three dimension-

less stiffness parameters which are defined as follows:
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. |
(41° t2 Ass)

(6-5)

ﬁp + 2D )
12 33
Voo
Dll 022

D

11 A11
Dyn A

Y =

Using equations (6-1) through (6-5) together with the bi-
furcation approach to buckling, Thielemann [19] arrived at the following

expression from which a rlassical critical compressive load can be found:

1/2
1+ 2“p V;T 52 + YB4
N = (6-6)
1 + 27 B2 + B4
s
where 1/4
/ A
22

B =t < ;—-) (6-7)

X 11
ix = Axial half-wavelength of buckle pattern
ly = Circumferential half-wavelength of

buckle pattern
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This equatiun simply establishes the magnitudes of lengitudinal com-

pressive loads which will maintain the monocoque orthotropic circular

‘ cylinder in deflected configurations defined by the half-wavelengths
lx and Ly . For a given combination of stiffness values, an infinite
number of load-wavelength combinations can be possible. The critical
load is the lowermost load which is just sufficient to hold the shell
in the non-cylindrical deflected shape.

It should be kept in mind that equation (6-6) was derived for a
monocoque orthotropic circular cylinder. This equation and others
likewise developed for monocoque configurations will subsequently be
applied to the analysis of discretely stiffened shells. The key to
success in these applications lies in the means employed to evaluate
the elastic constants (the Aij's and Dij's). From equations (6-4),
it can be seen that these quantities are dependent upon the various
structural rigidities of the ishell wall. FPractical procedures for
computing these constants are presented in the procedures of Part II.
However, at this time it is profitable to devote some attention to
their origins and to examine the formulations which would apply in
two very special cases. In the first place, it is helpful to note
that for an isotropic cylinder these constants would tuake on the

following forms:

A1 F A TR
(6-8)
v
A2 = A 7T Ee
GENERAL DYNAMICS
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Ass = Gt
3
D)y = Dyy = o 2
12(1-v")
" (6-8 Cont'd)
Et
D =D . = ——Y=t __
>
127721 35(1-v)
o . 6t
33 12

In general, the buckling analysis procedures and design curves pre-
sented in this report are to be considered inapplicable to sandwich
structures. However, at this point it is still informative to note that
the following formulas could be used to find the elastic constants in the
very special case of a sandwich configuration having a core with infinite

transverse shear rigidity:

A1 = Agp = 2t E
| _ - v
A2 = A1 T T STE
f
N
733 T 2t,G
(6-9)
Etfhz
Dy =Dy = ~ 2
2(1-v7)
GENERAL DYNAMICS
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)
vEtfh“
| D, =D, = 3 (6-9 Cont'd)
12 21 2
‘ 2(1-v7)
2
. Gt oh
33 © 2

where

-+
H

Facing thickness

=2
H]

distance between middle-surfirces of
facings.,

These equations are applicable when the facings are of the same material
and of equal thickness and this thickness is small compared to h

.

From equations (6-4), (6-8), and (6-9), it should be ohscrved

|
that

(a) \11 constitutes the reciprocal of the longitudinal extensional
stiffness por unit length of circumference.

(b) \22 constitutes the reciprocal of the circumferential ex-
tensional stiffness per unit of axial length,

(c) D), constitutes the longitudinal flexural stiffness ver
unit length of circumference.

(d) D22 constitutes the circumferential flexural stiffness per
unit of axial length.

(e) Al2 and A21 each constitute measures of coupling between
extensional deformittions in the longitudinal and cir-
cumferential directions.

(f) 012 and D, each constitute measures of coupling between

| flexvral deformations in the longitudinal and circumferential
‘
L. directions.

»
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(g) A33 constitutes the reciprocal of the in-plane shear
stiffness of the shell wall.
(h) Do constitutes the twisting stiffness of the shell

wall.

The Thielemann solution given above as equation (6-6) was derived

for an infinite-length cylinder which is free to accommodate longitudinal

half-wavelengths of arbitrary magnitude. Such a solution will ordinarily

be adequate for simply supported realistic finite~lengtn cvlinders when
the calculated longitudinal half-wavelength of the buckle pattern is less
than the overall length of the cylinder. However, for short cylinders
this conditions frequently will not be satisfied, in which case a finite-
length solution is required for acceptable analysis. Such a solution

has been obtained by Almroth [20, 21] . The resulting ejuation is
essentially an extended, improved version of the Thielemann formulation.
The extension was achieved by enforcing the requirement that the long-
itudinal half-wavelength of the buckle pattern must be equal to the

shell length divided by &n integer, To facilitate this development,

\lmroth defined a new parameter as follows:

2
a = 5 L (6-10)

p)
2Rm A, A
T Ays ) Dan/t

where m is the number of longitudinal half-waves. The buckling

equation which evolved from this work is as follows:

GENERAL. DYNAMICS
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- a§4 1 + 2M 71/282 + YB4
N = 5 i P I (6-11)
1+ 20 8% + B 4aB

To establish the critical load from this equation, a minimization
process must be employed which establishes the particular value of 8
for which N (and consequently Nx) is a minimum. Almroth [20] notes
that for sume practical applications, « will be large and consequently

8 will be small. For such situations, Almroth further notes that

My w T £ Ve . 'y

equation (6-11) can be simplified to the following approximation:

Critical N =1 + i& (6~12)

Substitution of equations (6-5) and (6-10) into (6-12) yiclds the

following result:

m2“2D11 2 Do
Critical N = —5— + = —= (6-13)
X L2 R All

This equation is identically equivalent to the expression proposed in
rcferences 16 and 22 for application to longitudinally stiffened circular
cylinders. Clearly, this expression should be used only under rather
restrictive conditions. An awareness of this limitation is necessary
to appreciate the need for the minimization factor N to be in-
troduced in Section 6.2.2 below.

Just as in the case of equation (6-6),equations (6-11), (6-12),
and (6-13) evolve from monocoque shell theory and their application to
discretely stiffened configurations is justified through the means

employed for computation of the elastic constants involved.
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6.2.2 Stuhlman-DeLuzio-\lmroth Solution - Under N\3A Contracts

NAS 8-5600 and NAS 8-9500, the NASA Marshall 3pace Flight Center has
sponsored a test and study program on the buckling of longitudirally
stiffened curved panels and complete cylinders. The longitudinal stiff-
eners were integral with the basic cylindrical skin on all of these tests.
This work was performed by the Lockheed Missiles and Space Company and
the results are summarized in references 1, 2, 3, 10, and 23. In order
to properly evaluate these experimental results, Stuhlman, et al. (23]
found it necessary to develop analysis techniques which account for both
end moment and stiffener eccentricity. Making use of the Thielemann
parameters, they develeoped a digital computer program [107 which inciudes
both of these effects as well as the end-restraint to Poisson-ratio

hoop growth. This program assumes boundury conditions of simple support
and, like the equations of Section 6.2.1, it is based on monocoqgue shell

theory. As before, the application to discretely stiffened cylinders is

achieved by properly computing the related elastic constants. The subject

program calculates these values internally within the computer. The
structure is described to the machine through input geometric dimensions
which are applicable only to the particular type of local wall cross
section used in the test series cited above. Some generalization could
be readily accomplished by modifications which would permit the analyst
to input hand-calculated eclastic-constant values. It is suggested that
this be accomplished to facilitate application to a wide variety of
longitudinally stiffened configurations.

GENERAL DYNAMICS
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The proposed generalized version of the Stuhiman, et al.
program [10] is recommended for detailed final analysis. However,
consistent with the overall philosophy of this report, it is noted
that simplified, approximate analysis mcthods can also be useful,
primarily in iLhe early stages of design and analysis. Such methods
will now be presented for the longitudinally stiffened configuration.
This approach is based on the simplifying assumption that all pre-
buckling bending of the shell wallxcan be negiected. This, of course,
rules out consideration both of end moment effects and the influence‘of
restraint to Poisson-ratio hoop growth. Within this framework, Stuhlman,

et al. [ 23] show that their more complicated theory simplifies into the

following expression for the non-dimensional load parameter N:

2
api{1- 1
1 + 27 71/282 + 754 2¢ (A, D )1/232
-~ P 23 22
N - 1 + 5 ry (6-14)
4ap 1 + 2nsB + B

This is a monocoque shell equation which, as usual, must be minimized

to arrive at the critical N (and consequently critical Nx) values.

The term Cll is an outgrowth of non-symmetry in the local wall cross
section and is taken equal to the distance between the middle surface of
the basic cylindrical skin and the centroid of the skin-stringer
combination., Equation (6-14) is based on the sign convention whereby C].1

is pesitive in the radially inward direction. Hence this gquantity will be

positive for internally stiffened configurations and negative

GENERAL DYNAMICS
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when the stiffeners are on the exterior surface. J\Although non-zero

Cll values were necessarily accounted for in the test data evaluations

of Section 6.4, the analysis procedures given in Purt II of this report

only cover cases for which C11 = 0 is & reasonable approximation.

However, these procedures could easily be extended to cover non-zero

C11 values and it is certainly recommended that this be accomplished.

It should be noted at this time that, when C,, = 0, equation (6-14) is
identical to the Almroth formulation given in Section 6.2.1 as equation
(6-11).

It is pointed out that the design curves presented in Section
12.2 for the buckling of longitudinally stiffened cylinders were de-
veloped under the assumption that Dlz = D33 = O, From the third of

equations (6-5), it can be seen that this is equivalent to assuming that

Wp = 0 . This same assumption wili likewise be made in other of the

approximate procedures given in this report. For many practical situations

the mechanisms represented by ﬂp do not play a crucial role in the
buckling phenomenon and its neglect will usually lead to a reasonable
degree of conservatism., Furthermore, ﬂp is probably the most
difficult to compute of all the Thielemann parameters. In particular,
consider the elastic constant D which appears in the np formula-

33

tion. The last of equations (6-4) shows 033 to be a mcasure of the

twisting stiffness of the shell wall. The monocoque shell theory used

in this report is based on a model for which the twisting rigidities

GENICRAL DYNAMICS
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in the longitudinal and circumferential directions are equal. The
rigidities encountered in practical stiffened configurations will
usually not comply with this condition. This might suggest the use

of an average value in the analysis. However, suspicion is cast upon
this practice when one considers the nature of the twisting mechanism

in the monc~oque wall., That is, the twisting moment Mxy is a stress
resultant which arises out of the non-uniform, linear distribution of
shear stress depicted in Figure 10. For the infinitesimal element shown,

the interaction of twisting moments on faces A and B is influenced by

the fact that, for any point along the edge CD, the shearing stresses

Face A

M
Xy

Figure 10 - Interaction of Twisting Moments in
Wall of Monocoque Cylinder
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on the two faces must be eyual. The uniformity of the monocoque
wall permits this type of interaction to develop over the entire surface.
On the other hand, in the case of discretely stiffened structures, inter-
secting faces such as A and B are not always present. The stiffeners
protrude from the basic skin and the mechanism depicted in Figure 10
cannot always develop. In addition, for structures which incorporate
both longitudinal and circumferential stiffeners, twisting moments from
either type of stiffener will transfer into the other almost entirely in
the form of bending. Stringer twisting moments transfer directly into
circumferential bending of the rings and ring twisting moments transfer
directly into longitudinal bending of the stringers.

In view of the foregoing, justification for neglecting 7 in
the buckling analysis does not rest solely in the consequent simplifications.
Indeed, there exist some fundamental uncertainties as to what constitutes
t“e best means to mathematically formulate the correspondence between
twisting rigidities of the discretely stiffened structure and its
monccoue .wodel. Confronted with this uncertainty, it seems best at
this time to exercise caution and take no advantage from “p in the
buckling analysis. Even with this omission, the methods presented in
this report account for more of the shell wall characteristics than
hiave generally been recognized in procedures of the past.

For any special situation where the analyst might somehow be

equipped with means for computing reliable non-zero D12 and D33 values,
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the digital computer program of Section 18.3.2 can be applied. AdAlthough
this program was developed mainly for application to configurations which
include both longitudinal and circumferential stiffeners, it can be
specialized to applications which involve only iongitudinal stiffening.
This is accomplished through the input values. It must be kept in mind,
however, that this program is restricted to boundary conditions of simple
support. As an engineering approximation, it is recommended that one
account for fixity influences by investigating only those buckle con-
figurations for which

m- 2 C (6-15)

where CF = Fixity factor

In addition, since the present Section 18.3.2 program does not account
for crippling stress influences, it should not be applied in the slender-
ness ratio range which is controlled by the Johnson parabola.

With the foregoing as a background, it is now possible to proceed
with the development of the equations which were used to plot the design

curves of Section 12.2., For this purpose it will be assumed that

ﬂp =0 (6-16)

and a quantity F will be defined as

11

= 1/2
2a(A22022)

(6-17)
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so that equation (6-14) may be rewritten in the following form

1 a(Bz-F)2
4q 4“84

(6-18)
1 + 2nsB2 + B4

It should be recalled that the first of equations (6-5) defined the
parameter N

N as follows:
RN A
N 52 Bll (6-19)
22 '
- Substitution of this

equality into equation (6-18) gives the following:

b
22 (JL_)+ 2 [Pao 1 a(p2-F)? '
11\ 11 | 4a

(6-20)
s 1 anp® s 54]

o

b
el I
l

~

From equations (6-3) and (6-10), it is known that

DllAll .
22 22
and
2
o = = L (6-22)
2Rm ™ n A22\/D22/A11

Using equations (6-21)

and (6-22), the following equality is easily
ohtained:

D . 22D
2 .‘;?.(_Y_) I § Y
R ¢ 4 -

\11 40 L2

(6-23)
GENLERAL DYN;\MIC_§
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It should be recalled that the quantity D constitutes the

11
longitudinal flexural stiffness per unit length of circumference.
In the case of the longitudinally stiffened cylinder, this value may

be computed from one of the following two formulas:

= E -2
D, I (6-24)
or
A
X
D 5 —— (6-25)
1 (1-v%)

where

I = Shell wall local moment of inertia per unit

length of circumference taken about the

centroidal axis of stringer-skin combination.

The choice between these two formulas depends upon the degree of restraint

which the wall geometry affords to anticlastic bending [ref. Glossary] .
For most practical discretely stiffened structures, equation (6-24) wili
be the recommended formulation.

At this point, it is helpful to note that, for longitudinally

stiffened cylinders, the elastic constants All’ A92 s and 022 can be
expressed as follows:
1
11 7 Rt
x
1 ‘
. 6-26)
A22 Et (
oL et
22 7 2
22 12(1-v9)

GENYRAL DYNAMICS
Convair Division

61

WO S S

i




Ao d AU ARALE. B

GDC-DDG66-008

where

t = Wall thickness for a monocoque circular

X . .
cylinder of same total cross-sectional area
as the actual composite shell wall (including
both skin and stringers)

t = Thickness of isotropic skin panel

The (1-v2) term appears in the expression for D22 since the broad

axial extent of the skin panel affords restraint to anticlastic bending
in the same manner as that customarily recognized for flat plates.
By direct substitution and simplification, equations (6-26) lead
to the following equality:
D 2 t
2 22 Et X .
= : (6-27)

A
11 RV3(1-v)

Substituting equations (6-23) and (6-27) into equation (6-20) one may

then obtain

2 2 —
e b Et® ' 1 a(ps-m)? (6-28)
x - 2 7 — t aapt o 52 , gd|

L R\/5(1-v%) ap 1+ 2T+ P

It should be observed that m (the number of longitudinal half-waves)
appears in both the first and the bracketed terms of this equation. Its
presence in the latter is due to formulas (6-17) and (6-22) for F and «
respectively. Hence, for any particular selected m value , a correspond-

ing critical axial loading (Nx)cr can be found from the following:

m=m,.
1
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m 2nzD 2 [t
(N) o A1l _ Bt X N (6-29)
x cr L2 S \/ t m=m, o
mem, RV3(1-v7) !
where
2
~ 1 a(p°-F)
N = e B 3 (6-30)
i 4.2 1 + 21 B B
Minimum
for m = m
and © .
m, = Any particular selected value of m (6-31)

The particular m, value of interest is that which yields the lowermost
axial load intensity. This is, in fact, the critical buckling load for

the structure and will henceforth be identified simply as (Nx)cr . The

corresponding stress value will be denoted qcr .

In order to express equation (6-29) in terms of stress, one may

divide through by t to obtain

x

2n2E 3/2
¢ * - —, X (6-32)

cr L 2 TS 4 1/2 m=m,

m=m, ;—— R\J3(1-v ) x

il
where

911 \/;‘ (6-33)

or

\/ (6-34)
\1 -V )
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The formula to be used for o depends, of course, upon the re-

11

straint which the wall affords to anticlastic bending. Henceforth, p11

will be referred to as the effective local longitudinal radius of gyration
of the shell wall. The word "effective'" is included in this identification
because of the possible preserce of the factor (1-v3) . Except for

this relatively minor influence, complies with the usual de-

P11

finition for a radius of gyration.

Equation (6-32) will now be further simplified by introducing

the following definition for an effective thickness t

t3/2

¢ 1/2
X

t = (6-35)

Substitution of this equality into equation (6-32) gives the following

result:
)
m.“an E 1 -
or L o + — s Nm—m (6-36)
m=m, L Vaa-vh) (T t
1 °11 t

Frcw the arrangemenat of this equation, it is useful to think of the total
compressive strength of the cylinder as the sum of several separate com-
ponents., With this in mind, observe that the first term in equation
(6-36) is of the same form as the familiar Euler equation for column-

type members. However, it must also be observed that, unlike the case for

columns, this term need not be restricted to the condition that mi2 s 1,
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2
For the cylinder, the particular mi° value of interest is that which

minimizes equation (6-36) in its entirety and, in the case of long
cylinders, shell-type influences can result in buckle patterns with

mi2 considerably in excess of four. The difference between these two
situations is an outgrowth of the fact that, for the column, the critical
mi2 value is dependent solely upon the end conditions. On the other hand,
equation (6-36) was developed for the particular case of a cylindrical
shel) having simply supported boundaries. Hence the critical mi2 value
of equation (6-36) is a function only of the internal shell stiffnesses.
However, since a suitable orthotropic cylindrical shell solution for
boundary conditions other than simple support is not available at this
time, the methods of this report make use of the mi2 influence to
provide an engineering approach to the analysis of longitudinally
stiffened cylinders having various edge conditions. That is, the nature
of the end conditions is expressed in the form of a fixity factor CF .
This value is takexn to be the same as that which the existing boundaries
would furnish to ordinary column-type members. Then the search for

e g . . 2 .
critical conditions begins with m, = CF and only considers cases where

2
2
mi CF .

In view of the practice cited above, it is helpful to separate

the first term in equation (6-36) into the true wide-column term

GENLCRAL DYNAMICS
Convair Division




GDC-DDG66-008

and a shell-type contribution

5 (6-38)
L
11
\
where
CF = Fixity factor furnished to column-type members
by intermediate rings (L=a) or the cylinder
boundaries,

In Section 6.3, methods are discussed for the computation of CF values
in the case of cylinders with intermediate rings. For this case, the ring
spacing, a, is used in place of L in the equations of this section.

Using expressions (6-37) and (6-38), one may rewrite equation

(6-36) in the following equivalent form:

= -

C.n°E m, 2-C ) 2°E
F i TF E ) Y
e = ——-——E + 5 + ?r m=m (6-39)
cr L L J 2, (= =my
m=m, N E—- 3(1-v7) ry
11 i 11/ i

The first term in this equation will often be referrzsd to simply as the
wide-column component. The bracketed sum can therefore be regarded as
the total contribution made by shell behavior.

At this point, it should tie noted that experimental data for the
compressive buckling strength of monocoque cylinders generally fall far

below the predictions of classical theory. This phenomenon has been
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widely attributed to the combined influences of initial imperfections
and the shape of the postbuckling equilibrium path., It has become
common practice to account for this behavior by means of an empirical
correlation (knock-down) factor. As discussed in Section 9, "Initial
Imperfections,' the same approach is taken in this report for stiffened
configurations. However, the conventional stiffened wall is effectively
rather thick and its reduction from theory will usually not be very
severe. DBased on the ideas presented in Section 9, it was decided that
the correlation factor should be introduced only intoc the shell con-
tribution to the total theoretical strength., Hence, using the symbol T

to represent the correlation factor, one may modify equation (6-39) as

follows:

C.n 2 I'(m, B
1 U

F‘
(I'N)
2 R m=m. (6-40)
E- L \/5(1 —v3) i
e, P11

The factors I and N have been grouped together as a convenience

despite the fact that ' is not to be treated as a function of m .

In order to recognize the influence of the crippling stress for
the local wall cross section, the Johnson parabola concept will be
applied to the wide-column component of equation (6-40) . The

following expression results:
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Q
0
[¢]
[\Y]

A

©

[
M——
[\™)
+
B
—~—

T(m.z-CF)an
o - g - 1

cr cce 4C an <L >2
m=m, F —

(rN) (6-41)

1
R m=m,
Vi3(1-v?) <'-t-_> 1

+

Then, to facilitate the application of equations (6-40) and (6-41) in the
nonlinear range of the stress-strain curve, the tangeat modulus is in-

troduced as follows:

i n
2 2 2
Cpm Etan F(mi -CF)N Etan E¢an 1 ~
g o ————— - + —_—— e (FN) -
cr \ 2 2 = (R m=m, (6-42)
L L \/- - 1
m=m, o ru 3(1-v7) ry (
11 L 11
-l
| and . —
‘ 2 (ﬁ—)z 2 2
occ D11 F(mi -CF)R Etan
g = @ - > + 5
cr cc 4C_n°E L
m=m F —E—
L 11
E 1
AN (M) (6-43)
J— 9 R m=m,
2 _— i
3(1-v7) E
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where

Etan

E

i

Tangent modulus

it

YToung's modulus
Equation (6-43) applics only where both of the following conditions

- are satisfied:

a: 2 ) < (VIS ) [ B (6-44)
o F o
11 cc
b: Results From _ Results From
Equation (6-43) Equation (6-42)

For all other situations, equation (6-42) is the applicable formula-
tion. For the linear portion of the stress-strain curve, condition
(a) is a sufficient test for applicability of equation (6-43).
Attention is now called to the fact that most of the longitudinally
stiffened circular cylinders of practical interest will fall into the

relatively short category for which the critical loading corresponds

2
to mi = CF + In such cases,

2
m - cF =0 (6-45)

and equations (6-42) and (6-43) simplify to the following:

2
C.n E E
o, = ——=an , __tan () 2 (6-16)
L v/ 2 = m =Cp
2 o 3(1-v7) t
m =Cp 11
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2
and ccc2 pL ) .
9. =0 - 3 11, tan — a (Fﬁ)mz c (6-47)
i 4C_n"E Vv 2 — =
2 F" 3(1-v7) |77 d
m =C t
F
These are the expressions which were used to develop the digital computer
program of Section 18.2 and the buckling curves of Section 12.2. Hence,

in using these tools, one should always perform a check to establish that
the actual structure falls into the short-cylinder category. The manner
in which this check should be performed is specified 1n Spction 1:2.1.

In order to establish appropriate tangent modulus values, the
digital computer program of Section 18.2 and the buckling curves of
Section 12.2 make use of the Ramberg-Osgood [24] representation of the
stress-strain curve., In the particular case of bare 7075~T6 aluminum
alloy, the following values were used for the Ramberg-Osgood parameters:

(6-48)
o = 70,000 psi
The digital computer program of Section 18.2 can accomnmodate diffcrent
materials by a simple chamge in these values and the input Young's
modulus,

Note that equation (6-46) is quite similar to the approximate
formula proposed by Peterson and Dow in reference 22. The only differences
liec in the use of tangent modulus together with the presence of the

factors V1-v2 and N in equation (6-46). Aside from the question of
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some relatively minor anticlastic constraint, the assumptions in-
herent in the Peterson and Dew formulation therefore reduce to the
} approximation that N ~ 1. This practice is nct followed in the methods
| of this report. Instead, use is made of N vilues which emerge from
the minimization process indicated by equaticn (6-30). As part of the
study conducted by Convair under NASA Contract NAS8-1118l1, a digital
computer routine was utilized to accomplish this minimization. From
these results, a family of curves like thcse shown in Figure 11 was

developed for the case where F = O (no eceentricity). These curves

‘ns = Constant

F = Constant

Log Scale

Figure 11 - Semi-Logarithmic Plot of

Ne
N vs a With ﬂs As a Parameter
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are given in Section 12, Further work in this are¢a should include the
development of additional families for selected non-zero F values.

In conclusion of this section, attention is directed tc the
fact that the overall cylinder length [. appears in many of the
formulations presented for longitudinally stiffened cylinders., In
the bsence of general instability, these same equations can be applied
to longitudinally stiffened sections which lie between discrete

circumferential stiffeners by replacing L with the frame spacing a .
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6.3 Fixity Factor for Longitudinally Stiffened

Sections Between Rings

The presentation in the preceding section involved consideration
of a fixity factor CF . It should be recalled that this value is
dependent upon the restraint which intermediate rings (L = a) or the
cylinder boundaries afford to column-type members. An inspection of
equations (6-42) and (6-43) will reveal the role which Cr plays in
the buckling analysis of longitudinally stiffened circular cylinders.
Attention will now be devoted to means for selecting numerical values
for this factor. In this connection, reference is made to the curves
published by Budiansky, et al. [25] for the buckling of infinite length
columns supported by equally spaced deflectional and rotational springs.

The general form of these curves is shown in Figure 12 where

C

Deflectional spring constant (force per unit deflection)

K

]

Rotational spring constant (torque per unit rotation),
It was intended that these curves would be used in forming the engineering
judgements required in the selection of the subject CF values. For this

purpose, note that the point A in Figure 12 represents the condition

whereby, in the absence of rotational springs, the deflectional springs
are sufficiently stiff to enforce undeflected nodal points at each
support. This constitutes a condition of simple support. ill points

K .
along the horizontal portion of the curve E% = 0 correspond to this
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|

T

+ @
9

Constant

|

Constant

»;..w
i%wﬁ
7
" :
jj
"

Figure 12 - Buckling Curves for an Infinite Length
Column Supported by Equally Spaced Deflectional and
Rotational Springs

same condition. In the case of a longitudinally stiffened circular
cylinder between rings, appropriate values for the spring constants

K and C must be obtained through consideration of the behavior of the
rings. The resulting values locate a point, such as point B , in

Figure 12. The applicable CF value can then be found as follows:
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The primary problem in computing CF therefore reduces to the de=

termination of the spring constants C and K . To simplify this task,
it should be observed that, in the absence of general instability, it
can be assumed that all rings are sufficiently rigid to provide un-
deflecting supports to the column. Consider then the case where the
general instability load is considerably higher than the panel instability
load. For this case, imagine that the deflectional stiffness of the frames
is steadily reduced while their rotational stiffness is held constant.
So long as general instability does not take place, the rings will remain
undeflected and no change will occur in the buckling load for column-
type members that span from ring to ring. Therefore, whenever general
instability is prevented, the frames are sufficiently rigid to insure
that the related point in Figure 12 lies somewhere along the horizontal
portion of the applicable curve. Then the prima,y problem further
reduces to the computation only of a suitable value for the rotational
spring constant K.

In the study conducted under Contract NAS8-11181, two different
analytical models were considered for the evaluation of K. The first

of these made use of the Convair digital computer program [26] for
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discontinuity analysis. Some modifications were incorporated into

the original program to account for the local bending of legs on

formed ring sections. Axisymmetric unit external loading was then
applied to the rings to determine the desired K values. The results
from these studies indicated that the assumed axisymmetric mode of
deformation will usually lead to CF ~ 1.0 for practical configurations.
It was originally intended that this particular approach be used to
provide a lower-bound CF value which would be of use to the analyst

in the application of his engineering judgement. However, in the light
of the findings cited here, it would seem that the time and effort in-
volved in the axisymmetric determination cannot be justified and, at
presesnt, one should simply consider the lower-bound CF to be 1.0 .

An alternative approach, which was expected to lead to an upper-bound
fixity factor was then examined. This method evaluated the spring
constant K by applying a unit torque T at the mid-point of a straight

bar as shown in Figure 13. This bar was assumed to have a total length

equal to twice the stringer spacing and its cross section was taken

/[

X

N Stringer T Stringer

*+—-Spacing - Spacing  —»
p

b b

eV ed

Figure 13 - Alternative Method for
Evaluating Rotational Spring Constant
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identical to that of the rings. It was further assumed that the ends

of the bar were fully restrained against rotation. Surprisingly, this
approach did not overpredict the test values in the limited number of

comparisons made. It would therefore appear that this technique would
provide a reasonable estimate of the fixity in at least some practical
situations, particuiarly where the stringers have appreciable spacing

and the basic cylindrical skin is relatively thin.

In view of the foregoing, it is concluded that, although a basically
sound method has been proposed for the fixity factor determination,
considerable uncertainty still remains in connection with the computation
of required spring constants. Until further work is accomplished to
resolve this uncertainty, it is recommended that the value of CF = 1,0
be employed for the design of longitudinally stiffened sections which lie
between rings. Aircraft design practices have often made use of rule-of-
thumb values in excess of unity but these have been used as all-inclusive
wide-column corrections which account both for end restraint and the shell

contribution to the overall strength. 1In this report, a more rational

assessment is made of the latter component.
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to b Comparisons JAgainst Test Data

| Longitudinally Stitfened Circular Cylinders - The

thods proposed in this report for the approximate analysis of
ngitutinally stiffened circular cylinders were evaluated by
~aparing buckiing stress predictions against the test data of
terences 22, 4, and 8, The results from these investigations are
‘ v in Tables II, Ill, and IV. The predicted buckling stress values
. obtained from the digital computer program of Section 18,2.
i+ same program was used to develop the buckling curves shown in
1on 12.2.  Attention 1s drawn to the fact that all of the specimens
1t~ tarrles 1T and 1IT incorporated appreciable stiffener eccentricitiecs
5a4 hat these were fully accounted for in the tabulated predictions.
vir.r the procedures of Part Il do not account for this influence, suit-
4 ¢ exientions to these methods were utilized in the test data evaluations.
imvolved the retention of non-zero F  values in the minimization
nooce=s rndicated by equation (6-30).
The data listed in Tables II and [IT show that, as expected, the
proposed analytical approach gave conservative predictions. However,
for the specimens covered by Table IV, the test data show scatter on

either =1de of tie predictions. This circumstance is due to the fact

thit th  1nherent conservatism of the proposed methods lies in the neglect

of certain stiffnesses which enter into the shell cortribution to the
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compressive strength. However, al]l the specimens of Table IV receive
virtually no contribution from shell behavior. Their corrugated walls

have very little hoop extensional stiffness. This is reflected into

A
the analysis through the (gﬁ correction employed in the computiuation
X

of A22 . The ¥ value becomes very small and the prediction equation
essentially reduces to the familiar Euler column formula. Hence, in
these cases, deviations from predicted strengths are due largely to
individual geometric variations among the test specimens, maldistribution
of applied load, etc.
The following notes have general applicability to Tables II, III,
and 1V:
a. A fixity factor of CF = 3.75 (:miz) was assumed to be
applicable. This value has been widely used for practical
x configurations with "seeming full fixity". Checks were made
to insure that additional numbers of half-waves would not yield
lower predictions. That is, the tabulated predictions are
less than would be obtained for m, = 3.75 + Ci where Ci
is any integer,
b. In order to establish base-line results, the correlation
r

(knock-down) factor was assumed to be unity,
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~e

The N value was computed through the minimization process
indicated by equation (6-30). The appropriate non-zero F
value accounting for stringer eccentricity was emplovzd in
this determination. The value mi2 = 3.75 was used in the
computations of both a and F .

The quantity L is the entire overall length of the cylinder.
The test O r values were all obtained by dividing the total
critical axial lcad by the total cross-sectional area of

the specimen.
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During the preparation of this final report, the NASA Marshall

Space Flight Center conducted a buckling test on a full~-scale Saturn vy
S-1C intertank cylinder which consisted of a 7075-T6 aluminum alloy
corrugated wall supported by rings. The critical load achieved in this
test was 14,300,000 pounds. Dividing this load by the total cross

sectional area, it is Iound that

14,300,000

Test Ucr = 317 = 45,100 psi {6-50)

This served as an additional data point tor an evaluation of the analysis
procedures presented in Part II. For this purpose, a predicted critical
stress was obtained using the digital computer program of Section 18.2,
The buckling curves of Section 12.2 do not extend to (TN) values low
enough for this particular structure. A value of

Calculated o = 45,045 psi (6-51)
was obtained from the digital cornuter. Hence,

Calculated ¢

Tost o - 1,00 (6-52)
cr

The following input values were used for the machine soluticn:

E = 9.6x10° psi (Furnished by NASA)
Oy * 66,000 psi (Furnished by NASA)
Ramberg-0Osgood ¢ = 70,200 psi
Ramberg-0Osgood n = 10
v = «35
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9. = 56,700 psi (Furnished by NASA)
CF = 100
| Correction Factor (fﬁ) = .01445 (Assuming T = 1.0)
R/I = 1,479
L L 3700
°11
6.4.2 Longitudinally Stiffened Circular Cylinders With Frames,

Panel Instability Mode - 1In order to investigate the

applicability of the procedures discussed in Section 6.3 for the influence
of ring stiffnesses on the panel instability mode of failure in longi-
tudinally stiffened cylinders, comparisons were made with limited
available data. Buckling stress predictions were obtained using the
axisymmetric method discussed in Section 6.3 for two specimens from
reference 28 and one from reference 29, The two 49-inch diameter specimens
of reference 28 had corrugated skin with I-section rings and failed in

the panel instability mode. The corrugated skin and short ring spacing
(a/R ~ 1/4) combined to make the shell contribution to the buckling
strength [refer to equation (6-47)] negligible so that the buckling
strength for these specimens was essentially their wide column strength.
To assess the fixity felt by the corrugations at the frames the axisym-
metric rotational and radial stiffnesses of the frame were determined
using a General Dynamics Convair digital computer program as discussed

in Section 6.3. These stiffnesses were then employed in conjunction with
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the curves of reference 23 to chbtain the fixity factor CF . For

both cylinders, this fixity factor was very nearly that for simple
support because of the axisymmetric rotational flexibility of the ring.
Essential agreement with test results was obtained.

The specimen selected from reference 29 was reported to have
failed in the panel instability mode. This 77-inch diameter cylinder
was tested in pure bending and was stiffened by 2Z-section stringers
and hat-section frames (a/R = ,47). The skin panels buckled early ana
thus necessitated effective width copsiderations as presented in Section
7.3. The cylinder wall stiffness fastors determined in that analysis
were employed in this stability calculation.

An axisymmetric analysis for ring stiffnesses simply considering
the ring as a compact section and neglecting bending of elements still
resulted in a fixity factor of only 1.02. However, since this frame
” + «closed section with the skin giving high torsional rigidity
and because the stringers are spaced such that they can behave more or
less independently, this torsional stiffness has significant effect on
the fixitv felt by the stringers. As an approximate approach, the
torsional stiffness of the frame was determined by applying a unit
torque at the center of a straight bar whose ends were fixed against
rotation and whose cross section was identical to that of the ring.

The lersth selected was twice the stringer spacing. This torsional

stiffness was then used in the analysis of reference 25 giving the
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fixity factor C_ = 1.2. It was

F
one stringer spacing corresponds

alternately inward and outward.

For data comparison purposes, the

noted that an effective length of
to adjacent stringers buckling

C. =

This gives the fixity factor F

1.5.

value of C_ = 1.2

F was used,

The results of calculations for these three specimens and

comparisons with test values are

GENERAL DYNAMICS
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7,0 GENERAL INSTABILITY OF ORTHOTROPICALLY
STIFFENED CIRCULAR CYLINDRICAL
SHELLS UNDER AXIAL COMPRESSION

7.1 General
Designing for the prevention of general instability in stiffened

cylinders usually centers around the choice of a suitable criterion to

establish dimensions for the circumferential stiffeners. In the past,

a number of empirical formulas have been proposed for this purpose.

One of the earliest of these was proposed by the Guggenheim Aeronautical
. Lahoratory, California Institute of Technology (GALCIT), as an outgrowth

of their tests on small-scale cvlirders f30] . Shortly therecafter the

Polytechnic Institute of Brooklyn Aeronautical Laboratory (PIBAL) proposed

a different criterion based on their own test results from similar

specimens [31] . Shanley [ 7] then drew upon both the GALCIT and PIBAL

data to generate the following empirical formula for the minimum frame

stiffness required to preveni general instability in stiffened cylinders
subjected to pure bending: |

C Mp2
EI = L
r a

(7-1)

where E = Young's modulus

Ir= Centroidal moment of inertia for frame

Gr =Experimentally determined constant

M = Overall bending moment
D = Cylinder diameter
a = Frame spacing
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Although derived specifically for the case of pure bending, this

formula has been widely used for cascs of axial compression by con-

sidering the peak running load intensity to be the controlling factor.
Still another criterion was suggested hy Becker [32] in 1958. This
approach employs =c¢rtain geometrical features of the inward-bulge
along with an estimate of the elastic restraints afforded by the frames.
However, the Shanley formula still stands as the most widely known of
ihe various criteria proposed to date. In general, all of these
approaches represent oversimplifications of the problem in that they do
not grant recognition to all the important variables involved. Engineers
have loﬁg been wary of these criteria and have hedged their frame designs
through the use of generous safety factors and extensive proof-testing.
In recent yeors, a number of orthotropic shell formulations have
attracted increasing attention in connection with this problem. The
most prominent of these are the following:
(a) The formuliation derived by Thielemann (191 and subsequently
extended by Almroth (21] .

(b) Stein and Mayers' (32] formulation originally developed

for the compressive buckling of sandwich cylinders.
(c) The set of equations given by Flugge (341 for cylindrical |
shells which incorporate longitudinal and circumferential

stiffeners,
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For ti.2 primary application to be discussed here, the Thielemann
solution was selected in view of its simple fora and the clarity with

which it identifies the important physical variables.

7.2 Beckling Criteria

7.2.1 Thielemann Solution -~ The basic Thielemann Sormulation

to be considered here is &5 follows:

1/2

_ 1+ 2N Vyp® + ypt
N = B (7-2)

1 «+ 27\832 + B4

1/4

where £ A _
8 = _z.:t A_2.2. (7-3)
x 11

™
il

x Axial half-wavelength of buckle pattern.

/
y

H

Circumferential half-wavelength of buckle
pattern.

The theoretical background for this equation has already been discusased
in Section 6.2.1. As noted there, in order to sstablish the critical
buckling load (Nx)cr y equation (7-2) must be minimized. To achieve
this, the curve of N versus 52 is examined to locate points of zero
slope. These points, together with two additional limiting possibilities,

are then studied to determine which corresionds to the lowermost N

(and consequently N ) value. The zero-slope locations are found from

the relationship
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ay (7-4)
dx ~ 0 ’
where
Y - N2
(7-3)

2

X =B

By performing this operation, the following result is obtained:

[T\SY - ﬂp V—Y—]Xz +[Y-1] X + [np\lT - ‘ns]z 0 (7-6)

Since this equation is of the form

aX> + bX + ¢ = 0 (7-7)

its roots are easily found by direct application of the quadratic

formula, This yields the following:

2 3/2 2 2 1/2
(1-v] i\JEY-l] - 4ﬂpﬂsy + 4np Y + 4n %y - 4npnsy
(7-8)
x -
1/2
2 [ﬂsy - 'ﬂpY ]

From the second of equations (7-5), it is seen that negative X values require
that P be imaginary. The physical significance of the terms involved in
equation (7-3) show this circumstiance to be incompatible with the realities
of the problem. Hence, negative X values are to be discarded.

Similarly, no imaginary roots to equation (7-6) should be retained.

Hence, the soluticn proceeds by retaining only positive, real X values

which are then substituted into equation (7-2) to find the corresponding

N (and consequently Nx) values. At most, these constitute two load

values for which there can exist buckled equilibrium configurationg,
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These configurations are described by the corresponding ‘x and

'y values. Two additional possibilities must aiso be considered.

The first of these involves the axisymmetric (bellows) mode of buckling.
Equation (7-2) can be specialized to this case by allowing B to
approach infinity. This gives

N = rY— (7-9)

p—
The only remaining possibility arises as B approaches zero, in which

case equation (7-2) gives

ﬁB-* o =1 (7-10)

The critical N (and consequently Nx) value is selected as the lowermost

value from among NB'* 0" Nﬁ—* » and the N corresponding te pos:. ive,
real X . In the interest of completeress, it might be noted here that

the relatinnship Hetween N and Nx is given by the first of equations

(6-5), which can be transposed into thc following form:

1
3
D, a
N = % Xég N (7-11)
11

The foregoing procedure can be employed to develop families of
curves of the type shown in Figure 14 . Separate families may be
plotted for particular selected np values. Such curves are given by
Almroth in reference 20 . It can be established that all points along

the curve MQ involve the axisymmetric buckling mode (p= »). Hence,

the equation for this curve is simply N =y Y. On the other hand,
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} O
kd

2|

i

Constant

Constant

Log Scale

Figure 14 - Semi-Logarithmic Plot of N vs y

all points along the boundary QT involve the mode which is character-
ized by an infinite axial half-wavelength (B- 0). All points below these
two boundaries involve the so-calied checkerboard mode.

In Part II of this report, both approximate and detailed analysis
techniques are presented for the general instability of stiffened circular
cylinders. The approximate method includes the use of a series of design
curves. This approach is based upon a modified version of equation (7-2) .
The modification incorporated constitutes an attempt to at least partially
account for the effects of finite stringer spacings through a correction
factor CR . The role which this fuctor plays is a consequence of the
axisymmetric behavior recognized above for those points which lie on

curve MQ in Figure 14 . The fact that the axisymmetric mode is

associnted with the condition B = ®oled to the conclusion that, for this case,
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DA
N -Vy - 31—1-3-1—1 (7-12)
2240

The constant A22 enters inté this equation in the same way as the

hoop extensional flexibility enters into the widely-known analogy between
a beam on an elastic foundation and the axisymmetric deformation of
monocoque cylinders. This analogy is discussed in reference 3% .

When the monocoque behavior is compared to that of cylinders with
discrete longitudinal stiffening, it becomec clear that the A22 value

in equation (7-12) should reflect the difference in flexibility between

the discretely loaded ring of Figure 15a and its uniformly loaded counter-

part shown in Figure 15b . The CR correction factor, which has been

(a) (b)

Figure 15 - Alternative Ring Loading Conditions
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employed for this purpose, is simply a ratio of these two flexibilities.
To arrive at an appropriate expression for CR , the following formula

(36] was used for the discretely loaded case:

3 ; S
B = Zglr silnze ( g . oiageest ) - 3 (7-15)
where
AR = Radial deflection
8 =

Half-angle between discrete load points, radians.
The radial deflection for the uniformly loaded case is denoted bR and

the following formula for this quantity is easily derived:

6R = A E (7-14)

To establish a basis for comparison between these two situations, the

following relationship between W and wc was employed:

W o BB (7-15)
N c
8
where
NS = Number of discrete load points for the case of Figure 153a

(Number of stringers)

The factor CR is then defined as follows:

5 1
C = = — (7-16)
R AR + 6R R
5. *+1
R
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By substituting equations (7-13), (7-14), and (7-15) into equation

(7-16), the following result is obtained:

Cp = (7-17)
K 2 )
1+(NS> (R Ar/Ir

where

K = 1 [} R sinb cosb _ 1 (7-18)

sin2e 2 2 8
and
T
8 = N (7-19)

Equation (7-17) can be used to develop a family of curves of the form
shown in Figure 16 . Such curves were generated within the study covered

by this report and are given in Part I1. It is pointed out that the form

Ns = Constant

- og Lcoale

2
R
Ar’/Ir

Figure 16 - “vmi-Logarithmic Plot

of CR Correction Factor
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of equation (7-18) leads to the usual numerical difficulties that one
encounters wher handling small differences between relativcly large
numbers., Therefore the CR curves given in Part II of this report were
plotted from digital computer results obtained to double-precision
accuracy.

For most realistic stiffened configurations, the stringer spacings
and frame dimensions will be such that the related CR value 1is
escentially unity. However, significantly lower values can result when
the frames are of shallow depth, as in the case of the GALCIT [30]
specimens. In addition, the CR value can be separately employed to
assist in the interpretation of results from the Langley solution (5]

discussed in Section 7.2.2 below. Its use for such puirposes will be

further clarified in Part II.

To incorporate the C, factor into equation (7-2), it should be

observed that only the last term in the numerater of (7-2) retains any
significance as B= ® (the axisymmetric mode). By considering this to
be a boundary-type condition for the equation, the C ratio is applied

R

only to that particular term. Thus, the modified expression becomes

1/2
1 + ZHPW;-BZ + CRTB4

(7-20)

2|
i

1+ 2ﬂ852 . pd
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where , . 1/4
p= gt | 22 (7-21)
X 11

'
Some degree of clarity can be added to this formulation by noting
that, when Young's modulus is the same in both the longitudinal and
circumferential directions, the parameter

D A

D22 A22

can be expressad as

)

y = —115 (7-23)
Paa
where
P11 = Effective longitudinal radius of gyration of

shell wall.

Poy = Effective circumferential radius of gyration of
shell wall.

The proper means for computing pll and Pyp are presented in Part II.

Equation (7-23) can now be substituted into equation (7-20) to obtain

_ T
<°11> 2 <“CR p11> 4
1 + 270 e BT +| ~——== B
P\Poo Poo

N = (7-24)
1 + Zﬂsﬁz + 54
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To facilitate the presentation of plots most suitable to the stipulations
of NASA Contract NAS8-11181, equation (7-24) is rewritten in the following

equivalent form:

1/2
- \2 2 il
D/Pon 4\ 2 (‘[E-q D/Pss ) a 4
1+ 2T | == 5 )8 5 D B (7-25)

_ p 11 (a/pn)
N = 1 + 27 82 + 64

L 5 J
where

D = Cylinder diameter.

a

Spacing between circumferential stiffeners.

Proceeding in a manner similar to that described earlier for equation
(7-2), equation (7-25) was minimized with resjpect to 62 by means of a
digital computer program. The Stromberg Carlson 4020 plotting machine
was used in conjunction with this program to obtain families of curves

of the type shown in Figure 17. In order to hold the . rves in Part II

= Constant
= Constant

=0

2l

S] = SO
o) v w»
|~

. 5 = Constant
22

Log Scale

a
] 11
Figure 17 ~ Semji-Logarithmic Plot of Compressive

, Loading Coefficient For The General Instability of
¥ Stiffened Circular Cylinders
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to a reasonabl? number, it was assumed that

’ﬂp = 012 = 033 =0 (7-26)

oince this assumption will often result in a n eirate degree of con-
servatism, it is a most useful approximation. The digital computer program
is presented in Section 18.3.1 to facilitate the plotting of addition
design curves cr the determination of point solutions, ss the need arises.
It 13 ,ointed out, however, that the minimization procedure currently bu.lt
into the program requires that the input ﬂn value always be zero.

f 4

7eloi Lougroy Solution -  Id48 NU+aZION Uluiwe 2 THI ) SECTION I

PRIMARILY 'HAT OF REFERENCE 5, THIS SECTION CONTAINS ITs ¢ YN LISTINGS
O Tieoe SYMBOLS. HeNCE, THE NOMENCLATURE P:XOVIDED IN "LIST OF SYMBOLS!
POLS Nul aPPLY HERE,

The analysis methods discussed in Section 7.2.1 are consistent
with the primary intended spirit of this report in that they provide
working tools for the purposes of preliminary sizing, rough checking,
4nd the study of trends. LEven though approximate, these tools still
constitute improvements over most of the technigjues currently in use for
the prediction of general instability in stiffened circular cyli.ders.
Nevertheless, attention will now be focused upon the inherent short-
comings of the approximate approach and means will be indicated through

which more detailed analysis can be accomplished.
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In the first place, it should be recalled that the general in-
stability curves presented in this report are only for the special
case of ﬂp = Q0 , where ﬂp is defined by the trird of equations
(6=5). It is noted that the assumption of ﬂp = 0 1is equivalent to
neglecting the two stiffnesses D12 and D33 defined by equations (6-4).
Hence, this simplification should introduce some conservatism into the
analysis. However, since the analyst might sometimes be equipped with
reliable means for the computation of these elastic constants, it would
be desirable to remove the ﬂp = 0 requirement inherent in the digital
computer program of Section 18.3.1. This could be readily accomplished
and it is recommended that such a task be included in future studies.

The most serious limitation of the approximate methods given in
the preceding section lies in their neglect of eccentricities which can
be a major factor in the buckling process. Their influences must be
carefully evaluated before the analyst can grant final acceptance to a
particular design. Therefore, in tnis report it was considered necessary
to include appropriate means for conducting a general instability anaiysis
which accounts for eccentricities of longitudinal and/or circumferential
stiffeners. Such a tool is given in Section 18.3.2 in the form of a

digital computer program which solves the basic buckling equation
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de s doay o Ly oty N“3% Llangley Research Center in reference 5. Where
desred, this paokcam van likewise account for finite-length effects
by oo e T i tategral numbers of half-waves be considered,
i adaition, tiko o wxiam can be used to study some interaction

phie somena whitct iis0 out of simultaneous application of axial com-

freseaion and o esease differentials (either positive or negative).

towev.., 1! muet e cophasized here that the Langley solution does not

ace suut For any ol the discontinuity-type deformations which result

(e poedsuie tiffeientiais, These effects can be very important. In
w4, the prieosent sulution cannot handle cases involving the applica-
five o ol exiitmai shear loading in the surface of the shell. However,
is oy oa.s ttal tie theury cvould be readily extended to cover such
S22 T TR ORI FY T 3N

feooddition Uy 1ts obvious application to cylinders which incorporate
both funaitudivetr wd circumferential stiffening, the subject digital
Comptile P uRTam can also be applied to cylinders which are stiffened
endy ta the iyagttudinal direction. Specialization to this case is
deire b the okl tie duput values. Therefore, until such time as the
ctohbeeasDelocr - Almcoth program [10] might be generalized for broader
cpobttoation, 1: 1s oo vmmended that the programmed Langley solution be
veent o the 4 uvailed analysis of longitudinally stiffened cylinders,

L s it i L0 uc, téun ftorr the detailed analysis of configurations

«hi by s poial v oo tongitudinal and circumferential stiffeners,

sl Mo S

e o l.“ii“;i vil
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The Langley solution was developed in reference 5 by Block,
Card, and Mikulas by first formulating expressions for the chianges
in strain energy due to the buckling displacements. This change in

strain energy for the basic cylindrical skin is found from the following:

2rkR a
T :l[ ( N Y - Mw
c 2 J X X Xy Xy yvy X ;XX
0O o
) + 2M w - Mw ) dx dy (7-27)
Xy o XYy Y 2 YY
where
Nx’ ny, Ny’
= Stress resultants of basic cylindrical skin.
M, M /M
X Xy y
€ , €E , Y = Strains at middle surface of basic cylindrical
é x Y Xy skin.
- U = Chauge (due to buckling displacements) in
strain energy of basic cylirdrical skin.
X = Longitudinal direction.
y = Circumferential direction.
R = Cylinder radius.
- a = Overall length of cylinder.

The manner in which Block, et al. formulate the stress resultants
facilitates analysis where the basic cylindrical skins themselves have
orthotropic properties. Proceeding then to the longitudinal stiffening

clements, their change in strain energy is found from the following:
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2R a E ¢
<]

2 w ° ) dxdy (7-28)
xy

B =
—
[ ’
o
n
[=9)
=
/)]
.f
(=¥
&)

Change {(due to buckling displacements) in strain
energy of longitudinal stiffener.

Cross-sectional area of longitudinal stiffener (no
cylindrical skin included).

Longitudinal strain of longitudinal stiffener.

Stringer spacing.
Shear modulus of longitudinal stiffener.
Torsional constant of longitudinal stiffener.

Radial dispiacement.

in strain energy of the circumferential stiffeners is found

2
2nR
. ®R =& /.ErCYr GrJr 2
) I j— - dAr + 7 ',xy dxdy (7-29)
(o) o Ar

Ring spacing.

Subscript denoting ring (circumferential stiffener
not including any cylindrical skin).

The change in the potential energy of the external loading is obtained

from the following:
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2R a
1ff~ 2 = 2
= = = N -
T 5 ( wa,x + Now o ) dx dy (7-30)
0 0
where
n, = Change (due to buckling displacements) in
L . .

potential energy of external loading.

Nx - Stress resultant (positive in compression) obtained
by considering the basic cylindrical skin and the
longitudinal stiffeners to be loaded with a uniform
normal stress in the longitudinal direction.

ﬁy = Stress resultant (positive in coupression) obtained

by considering the basic cylindrical skin and the
circumferential stiffeners to be loaded with a uniform
normal stress in the circumferential direction.
The chonge (due to buckling displacements) in the total potential energy
of the system can then be expressed as follows:

LI SRR SR Y (7-31)
The next step is tc employ the principle of stationary potential energy
to arrive at a set of equilibrium equations in terms of the buckling
displacements u , v , and w which are measured in the coordinate
directions using the middle~surface of the basic cylindrical skin as the
reference surface. Block, et al. then obtained a solution to these

equations by assuming boundary conditions of simple support (w = Mx =

N =v= 0) and the following set of displacement functions:
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¥l B G's Tj:‘ cCos D“L;z
v v sia A sin oy
a R
(7-32)
w w siln CRE v us oy
a R
whe e
w . Namber of longitudinal half-waves in buckle pattern.
0 = Number of full waves in the buckle pattern in the
circunferential direction.
It is emphasized that the conditions w =M =N =v = O relate only to

X X

ynctemental uantitics that arise through the buckling deformations.
By subostiiativg e uations (7-32) into the equilibrium equations, it
wis shecrved tiat the existence uvf non-trivial buckling displacements
Cegttes vl a4 Lo thaln determinant vanish, This condition reduces to

the tollowing stabliitly equation:

- - A A__-A _A
1 ail ) N (g N - A , 21223 13 22 A
k PO £ R y 33 A A <A 2 13
11 22 12

A A _-A A,
Jf l2l3 112 )y (7-33)
A A A 2 23
11722712
whet o the t‘ ‘.. ar+ funccions of the material properties, the geometry
j
ottt o wytinde,, autl the shape of the buckle pattern. These functions

are given in Scction 18,3.2 and will not be reproduced here, NOTE THA\T

IHe A 's  OF K UATTON (7-33) 4RE NOT THE ELASTIC CONSTANTS DEFINED BY

V)

Prarteys (b-t

116
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Equation (7-33) is the fundamental buckling criterion that
emerges from the Langley derivation. It should be observed that this
equation does ncthing more than establish ﬁx and ﬁy values which
are capable of maintaining the cylinder in deformed configurations
corresponding to particular numbers of half-waves in the longitudinal
and circumferential directions. Calling upon the bifurcation concept
discussed in Section 6.2.1, it follows that the critical buckling load
can be established by exploring the possible deformed equilibrium con-
figurations for a minimum-load condition. The digital computer program
of Section 18.3;2 operates in precisely this manner, Through the input,
the analyst prescribes the ranges and increments of m and n to be
investigated. The machine computes the ﬁx or Ny values corresponding
to each of these configurations and prints out the lowermost load en-
countered. This program was developed under NASA Contract NAS8-11181
primarily t¢ assist in the evaluation of test data and, since these data
provided a basis for selecting the m and n to be explored, the current
program is quite adequate for such applications. Lacking this prior
knowledge of the buckle pattern, the user will find the program to be
less satisfactory. Hence, future work in this area should include further
development of this program. In particular, automatic means should be
incorporated to establish the minimum-load condition without any need for
the analyst to prescribe the wave patterns to be screened. This procedure
should recognize the possibility for multiple relative minima to emerge
from equatinn (7-33) if a study reveals that such situations might be

encountered.
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Although the Langley solution can be considered suitable to
final analysis, it is nct intended that the reader interpret this to
mean that this is a perfectly rigorous tool. At best, it represents a
state-of-the-art capability in a rapidly changing technology. For one
thing, it should be noted that this solution is based on monocoque
shell theory and its application to discretely stiffened cylinders is
achieved by the conveniional smearing-out technique. For this purpose,
the elastic properties of the discrete stiffeners are averaged over the
entire shell surface to obtain an "equivalent" monocoque analysis
model. In addition, the Langley sclution in its preseni form only treats
boundary conditions of classical simple support. Furthermore, it is based
on the assumption that the pre-buckling displacements are perfectly
cylindrical. That is, no pre-buckling bending of the shell wall is
considered. Consequently, neither end moment effects nor influences due

to localized restraint to Poisson-ratio hoop growth can be treated.

GENERAL DYNAMICS
Convair Division

118




GDC-DDG66~-008

7.3 Comparisons Against Test Data

The methods proposed in this report for the approximate analysis
of general instability in cylinders with both longitudinal and cir-
cumferential stiffening were evaluated by comparing calculated critical
stresses against the test data of reference 29. The results from this
investigation are given in Tables VI, VII, and VIII. The predictions
were based on the critical compressive loading coefficient N obtained
from the digital computer program of Section 18.3.1. This is the same
program that was used to plot the general instability design curves given
in Section 13.2; However, attention is drawn to the fact that all of the
subject specimens incorporated appreciable stiffener eccentricities and,
to assess their influences, it proved necessary to also employ the digital
computer program of Section 18.3.2.

* In all cases, the stringers were Z-shaped while hat-shaped frames
were used. The stringers were external and spot-welded to the basic
cylindrical skin whereas the frames were internal and riveted. The
stringer cross-sectional dimensions were such that they did not ex-
perience any local buckling. The entirc construction was of 7075-T6
aluminum alloy for which the following properties were assumed:

10.5x10° psi

E

In order to establish base-line results, the correlation (knock-down)

factor [ was assumed to be unity.
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All of the specimens were tested to failure under pure bending
moment. Consistent with the conclusions of Section 8.0, the theoretical
critical running load under pure bending was considered to be the same
as that for uniform axial compression. Since each specimen experienced
early buckling of the isotropic skin panels, it was required that
effective skin widths and reduced in-plane skin shear stiffnesses be
used in the analyses. These values are, of course, dependent upon the
posibuckling capabilities of the isotropic skins. In particular, the
effective skin widths were based on equations (A2) and (A3) of reference
16 while the in-plane shear rigidities of the buckled skin panels were
obtained using reference 37. In order to introduce these phenomena into
the analyses, it was necessary to employ the following trial-and-error
iterative procedure:

1. Assume a value for the critical general instability stress.

2. Based on the value assumed in Step (1), compute effective

skin widths and the in-plane shear stiffness of the isotropic
skin panels.

3. Calculate the critical stress for general instability.

4. Compare the result from Step (3) against the value assumed

in Step (1). If adequate agreement is obtained, no further
iterations are required. However, when this is not the case,
one must assume a new value for the critical general in-

stability stress and repeat the computational cycle.
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For the analyses presented here, the first iterations were per-
formed using the digital computer program of Section 18.3.1. Hence,
at this point, no consideration was given to eccentricities. The
initial assumed stress values were taken to agree with the test data.

The results from these computations are given in Table VI. The second
iterations were performed in exactly the same manner except that the
output stresses from the first iterations were selected as the new
initially assumed values. Once again, no consideration was given to
eccentricities. The results from these computations are given in
Table VII. Note that close agreement was obtained between the assumed
critical stress and the computed values. Hence, no further iterations
were made,

Since eccentricity influences were not considered for any of the
calculated critical stresses in Tables VI and VII, these results cannot in
themselves provide a valid basis for evaluation of the basic analysis
method. Therefore, it was necessary that further analysis be undertaken
to determine the degree by which the eccentricities would alter the pre-
dictions. This was accomplished by using the digital computer program of
Section 18.3.2 to obtain the results presented in Table VIII. As shown
there, for each specimen, two separate runs were made with this program.
The first run used the same input stiffnesses as were used in the seccnd-
iteration calculation. In addition, once again, eccentricities were not
considered. The results obtained from this run are listed in column C)

of Table VIII. Note that, as expected, these values correspond very closely
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1o the second-i1teraution results. The small differences can be

sttributed to the fact that, when using the program of Section 18.3.2,

Coasideration was only given to buckle patterns having integral numbers
of axial half-waves and circumferential full-waves. On the other hand,
the program of Section 18.3.1 is based on an infinite-length cylinder
solution fo: which no such restrictions are imposed. This point was
explored to some degree by running the Section 18.3.2 program for
specimen I-1 allowing for non-integral numbers of the respective half
and full-waves. This gave the result (Nx) = 1,038 which provided
agreement to four significant figures with ::e second-iteration value
shown in Table ViI,

For the second runs with the Section 18.3.2 program, the input

values were seleoted as prescribed in that section including the
appropriate eccentricities. Once again the effective widths and in-
plane skin panel shear stiffnesses were taken from the second-iteration
Jdata. The results obtained from this run are listed in column (é) of
fuble VIIL. Comparison of the results in columns <§> and (E) of this
table provided an eccentricity factor as shown. This factor was then
appiled to the second-iteration results to obtain the fiﬁél (Calculated
ncr/Pest GC() 1atios,

la ioles Vi, VII, and VI1I, the test failure modes for the various
specimens ace tdentified as follows:

i1 - General Instability (asee Glossary)

Fl1 = Panel Instability (see Glossary)

it
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All the calculated acr values are based on the general in-
stubility mode of failure. Hence, for specimenn II-4, the comparison
ratio (Calculated ocr/TeSt ocr) is somewhat hig. er than the value

which would have been attained if panel instability had been prevented.
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8.0 INTERACTION BEHAVIOR

8.1 General

For cylinder loading conditions involving axial compression
combined with other applied loadings such as pure bending, shear, or
external pressure, it has been convenient to represent nondimensionally
the results of isotropic cylinder theory on charts by the well known
so-called interaction curves. For example, Figure 18 shows how the

relationship between two types of loadings may be represented graphically.

f(R R.) 1.0

-y
[\)

Figure 18 - Example Interaction Curve

Rl is the ratio of an applied load or stress to the critical value for
that type of loading acting alone and R2 is similarly defined for the
second type of loading. Curves of the type showr in Figure 18 are con-

venient to use in design analysis since any calculated point within the

area bounded by the curve indicates that stability exists for the
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particular loading combination. Further, an indication of the margin of
safety is given hy the ratio of distances from the point to the curve
and the origin. Calculations to obtain the point (R1 , Rz) involve only
the evaluation of the critical values for each type of loading acting
alone nd dividing these into the applied loads.

For isotropic cylindrical shells, it has L.en the practice to
represent the interaction relationship for two combined loadings by means
of a single curve of the type shown in Figure 18 . The findings of this
study show that this is generally not true for stiffened cylindrical
shells and that each particular stiffened shell geometry may have a
unique interaction curve or belong to one of a family of such curves
whicn is required to deacribe a desired range of geometry parameters.

A detailed analysis of existing theory to eatabliZh possible
parametric representation of families for interaction curves was beyond
the scope of this study. However, interaction of axial compression with
the cases of external pressure and internal pressure was investigated
neglecting eccentricities of stiffening ¢lements from the skin for
three arbitrary stiffened cylinder configurations: one circumferentially
stiff, a typical frame/stringer geometry, and one longitudinally stiff.
The latter two geometries were also investigated including eccentricities.
The digital computer progrum discussed in Section 18.3.2 employed the
analysis of reference 53 and was used to perform these numerical

interaction computations. No actual analyses or numerical computations
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were performed for the cascs of combined axial compression with pure
bending or shear although recommendations based on available in-
formatio: are presented in this section regarding the treatment of

these loading combinations.

8.2 Axial Compression and Pure Bending

Interaction relationships for the case of combined axial com-
pression and pure bending require determination of critical values for
each loading acting independently. The critical loading for uniform

axial compression may be determined by the methods discussed in Sections

|

\
6 and 7; however, there is current disagreement regarding the critical
loading for the case of pure bending of orthotropic cylinders. For
example, the results of reference 38 indicate that the buckling stresses
for orthotropic cylinders under bending or axial compression loading are
equal while reference 39 shows for a particular corrugated cylinder with
internal rings that the buckling stress due to pure bending is approx-
imately 1.23 times the buckling stress for uniform axial compression.

A related situation existea for isotropic cylinders and is worthy
of note. An analysis of non-uniform axial compression presented in
references 40 and 34 indicated that for an assumed buckle wave form,
the critical stress for buckling due to bending alcne was 1.3 times

the stress for pure compression. The calculation was cited by Timoshenko

(41 ] without a qualifying statement as to the assumed buckle wave length.
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Because test data seemed to substantiate the existence of such an
increase, the 1.3 factor was used for decades as a general rule. Only
recently did the small deflection analysis of reference 42 reveal that
the ratio of bending and compressive stresses can vary widely with
longitudinal wave lengths and that minimization with respect to wave
length gives the maximum critical bending stress equal, for all
practical purposes, to the critical compressive stress.

The apparent increase ot bending strength over compressive
strength indicated by isotropic test data may be explained by considera-
tion of the sensitivity of such cylinders to localized geometrical de-
fects., These defects are a dominant factor used to explain the severe
reduction of isotropic compressive data from classical theory. Since,
under bending only a small portion of the cylinder circumference ex-
periences stresses which initiate the buckling process, there is a
statistical influence from the probability of occurrence of defects or
weak spots in that portion of the cylinder wall. or uniform axial com-
pression, every element of the wall is equally stressed so that the random
occurrence of defects would be more deleterious. The boundary conditions

may have similar relative influences on the two cases. Furthermore,

carefully conducted experiments { 437 on the stability of unstiffiened

thin-walled cylindrical shells indicate that under nonuniformly dis-

tributed axial loading, buckling will occur when the maximum stress ‘

reaches the critical load for uniform compression.
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The practical case of orthotropic cvlindrical shells having
discrete stiffeners eccentric from the skin has not been sufficiently
analyzed for pure bending to permit definite conclusions regarding the
comparison of critical bending and axial loadings. The analysis of
reference 38 neglects eccentricities but concludes, as in the case of
isotropic cylinders, that the critical axial and bending stresses are
essentially the same for orthotropic cylinders., The analysis further
concluded that the appropriate interaction relationship was lincar:

] Rc + Rb = 1.0 ' (8-1)
where RC and Rb are ratios of applied stress to buckling stress for
axial compression and pure bending respectively.

Reference 38 also reports test data obtained on longitudinally,

circumferentially and grid stiffened cylinders, each having outside stiff-

ening elements whose eccentricity from the skin would not be expected to

be very important. Correlation of the data of that reference was shown
to be within approximately 90-98% of the pure bending theory proposed
there. Time was not available to compare these tests with the analyses
of Sections 6 and 7 of this report as the data were obtained too late
in the study. Two combined loading tests were also conducted and re-
ported in reference 38, These test results are shown in Figure 19
as are some of the pure bending results and axial compression data of

reference 38 from which the figure was obtained,
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1.0 T T T
.8 ]
Theory (Reference 38)
.6 —

04 - o
02 = —
4 Longitudinally Stiffened
® Ring Stiffened
L | ! | )N
0 o2 .4 .6 .8 1.0 1.2
R
c

Figure 19 - Combined Axial and Bending Loading
Interaction Curve for Orthotropic
Cylinders (from reference 38)
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Although reference 39 indicates significant theoretical in-
crease in bending strength over axial compression for a particular
corrugated cylinder with internal rings, it is recommended that the
conclusions of reference 38 be adopted for design practice until
further investigation of the case of bending of stiffened cylindrical
shells is accomplished and substantiated by careful tests of realistic
specimens. Therefore, until more conclusive resuits are obtained, it
is recommended that for pure bending, the critical running load or
maximum stress be considered theoretically the same as that for uniform
axial compression presented in Sections 6 and 7 of this report., It is
further concluded that the linear interaction relationship of equation
(8-1) should be used presently for design. Because it is unknown what
effects boundary conditions, mode of failure (panel instability,
general instability), prebuckling of skin panels, etc. have on the inter-

action relation, further theoretical and testing efforts are indicated.

8.3 Axial Compression and External Pressure

Interaction behavior for stiffened cylinders under combined
axial compression and exterral radial pressure was investigated using the
theory of reference 5, The effects of prebuckling deformations due to
wall differential pressure and discreteness of stiffening elements were
completely neglected in the analysis. These discontinuity-type bending
deformations are likely important for all but very closely spaced

stiffening geometries where monocoque behavior may be approached.
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The formulation of the theory of reference 3 «and the form
of the resulting stability relationship make it ideally suited for
application to the case of axial compression and wall differential
pressures. As may be seen in cquation (7-33) of vection 7.2.2, the
stability relétionship is expressed 1n terms of applied running
loading:s, ﬁx and ﬁy , and varicus stiffness parameters Aij
involving material and geometric properties. Effects »f eccentricities
of the stiffening elements are included.

The digital computer program described in section 18.3.2 was
used to apply this stability relationship to three arbitrary examples
of stiffened cylinder geometries whiclh may be described in terms of

the parameters defined in Section 18.3.2 as:

Example 1: (Typical Frame/Stringer Stiffeaed Configuration)

R = Cylinder Radius - 38.6 in.
a = ‘4verall Length = 72 in.
d = Stringer Spacing = 2.148 in.
4 = Ring Spacing = 6.00 in.
= a0 . 6
Ex = 1.35x10 1bs/in. B = !'x10 1lbs/in.
¥
D = 250 tb-in, D - 500 1b=in.
X v
G = 2x107 psi D 200 1b-in.
Xy Xy
! = 0,45 ! TS I I
ux 3 uy 5.5
" ~ 0,30 " (.10
X y
K ' SOxlU6 K 'ﬁxl()6 Si
s R . pei Lo psi.
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G, = 12x10° psi. G = 10x10° psi.
A' = 0.020 Sq. ino Ar = 00040 sq. il‘l.
I - 0.005 in.' I - 0.010 in.?
] 4 r 4
J = 0,004 in. J = 0,006 in,
s r
Z = 0 z = Q
Example 2: (Circumferentially Stiff Configuration)

Same as Example 1 except that:

£ = Ring Spacing = 0.5 in.

Example 3: (Lengitudinally Stiff Configuration)
Same as Example 1 except that:

¢t = Ring Spacing = 72 in.

Examples 1 through 3 neglected the effects of stiffener eccentricities
and therefore apply for the case of stiffener centroids located at the
skin midsurface. The following examples were also investigated including

stiffener eccentricities.

Example 4. (Stiffening elements outside)
Same &s Example 1 except that

Z = 0.% in. and z = 0.75 in.
8 r

Example 5: (Stiffening elements outside)
Same as Example 3 except that

Z = 0.50 in. and z = 0.75 in.
s r
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Various critical combinations of axial compression (ﬁx) and external
radial compression (ﬁy) were determined for each of the preceding
examples so that interaction curves could be plctted. The results are
tabulated in Table IX and plotted in Figure 20 where example

numbers corresponding to Table IX are shown in parentheses. As may

be -een in Figure 20 , widely differing interaction relationships

exist for combined axial compression and external radial pressure. Not
only basic geometry affects the curves, but the inclusion of eccentricity
can have a significant influence. It is likewise probable that boundary
conditions, prebuckling deformations, and other influences affect the
shape of the appropriate interaction curve for a given stiffened cylinder.
In view of the unknowns involved, it is recommended that until more
complete analyses become available, the following siwple linear inter-
action relation be used for design:

R +R =1.0 (8-2)
X y

The quantity Rx is the ratio of applied axial loading to the critical
value of axial loading if acting alone and Ry is the ratio of applied
circumferential loading to the critical value of circumferential loading

if acting alone.
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TABLE IX

Calculated Data for Interaction
Example Configurations - Axial

fL Compression and External Radial Pressure

N N
4 X
- - N N
EXAMPLE N N m n y X
y X (o] 0
1 0 7868 4 7 0 1
309 7452 3 7 .25 .947
567 5901 1 5 . 459 + 75
619 5450 1 5 . 50 .693
791 3934 1 5] .639 .50
928 2725 1 5 .75 «316
1014 1967 1 ) . 820 £ 2D
1237 0 1 5 1 0
2 0 15157 5 5 0 1
1761 14536 5 5] .25 +959
3521 13915 S 3 .20 «918
4983 11368 1 3 . 708 .75
5282 9931 1 4 73 .655
5699 7579 1 4 . 809 .50
6371 3789 1 4 .905 25
7042 0 1 4 1 0
3 0 4089 1 6 0 1
62 3282 1 7 .25 . 803
74 3066 1 7 .301 .75
124 2215 1 7 .50 .542
185 1148 1 7 .75 281
193 1022 1 7 . 780 25
219 560 1 7 .888 137
247 0 1 8 1 0
R
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TABLE IX
(Continued)

Calculuted Data for
Interaction Example Configurations -
Axial Compression and External
Radial Pressure

ot e et et et et ()
o 3% S IS IS B & BEN]
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1.0 =T - T ‘ S A A A B S 4
o T ~ EXAMPLE CONFIGURATION
_{w{* T BEES ~Without Eccentricities (1)
= T rWith Eccentricities (4)
[T LT TN _\l\‘ ||
8 e TSSO l R 2 + R 2 = 1
) 1 7 lﬁ 1y *”‘A ? E t N Tt X y
N —+ N Tt I’:Cf iy (Ref.)
g8 NN S
! | L _ﬁ,u,"ﬁ& SRR S
- ot A 4 | X\L‘ N
-4 < 1&-—» \ XT 4»——1-»} r ) ‘f—i—-l 4‘ . :
o i NI NG
RERE ILENL I F& ‘\VL\_. 1 et N R
N RERREE] i A b BVERNER N -:t_—:,ﬁt ;r* T P
T - »{f 1LR_ + R = 1=+ T&p% ‘ 1 o
N BRERREE y PR | TS
y - Ll +1- *%#'4\' - AN
0 T,,, (Refo ) s jf\‘»w ji - b
S e VGO S S L LN -y ST
LT NN
. 4 T’T“%**—*L*-:r’;’ T . I R TT')* N ORCT
ST e e N
| N RN giun
;t MODIFIED CONFIGURATIONS T NG
Ai Frame Spacing = 0.5 in. B -
1 Without Eccentricities (2)'—~_ a7 T
02 —L I
Y ai ST . N
- Frame Spacing = 72. in. F"' 1T
[T Without Eccentricities (3) == SEEREN
't With BEccentricities (5) —=T1 TR
i ] O T T A T S
o UL » ' P P T
0 .2 .4 - .6 '8 l.o
Nx
R ==
N
x
0

Figure 20 - Stability Interaction Results for
Combined Axial Compression and
External Radial Pressure
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Axial Compression and Internal Pressure

The procedures followed in Section 8.3 for external pressure
were also applied to the case of internal pressure and axial com-
pression. The theory of reference 5 was employed using the digital
computer program of Section 18.3.2 of this report. This required that
the prebuckling deformations caused by wall differential pressure and
discreteness of stiffening elements be neglected.

The five example configurations listed in Section 8.3 were also
used for the axial loading and internal pressure investigation. The
results are shown in Table X and Figure 21 where the example numbers
are shown in parentheses. The circumferential tensile loading due to
internal pressure is shown nondimensionally in terms of the circumferential
critical compressive loading. It can be seen that stiffening configuration
and eccentricities play significant roles in the interaction and that each
configuration has a unique curve or belongs to one of a family of curves.
The identification of appropriate parameters to represent this interaction
in families of curves was not attempted in this study so that the recommended
procedure for analysis is to employ the computer program of Section 18.3.2
to obtain the indicated critical loading. The program may be used to find

either the critical value of ﬁy to support a given Nx or a maximum ﬁx

for a given ﬁy . The results from such an analysis must be used with

caution because of the neglect of the pressure induced prebuckling de-
formations, However, the analysis supplies the best available estimate
for combined axial compression and internal pressure and should give
reasonable elastic estimates for many practical configurations. No known

test data are available for comparison purposes which suggests a fertile

area for future effort.
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TABLE X

Calculatea Data for Interaction
Example Configurations - Axial
Compression and Internal Radial Pressure

_ o
N N
X X
EXAMPLE ﬁy ﬁx m n iy Nx
O Q
\
1 1237 0 1 5 1 0
0 7868 4 7 ) 1
-309 8202 4 7 -.25 1.042
-618 8535 4 7 -.50 1.085
-1237 9189 4 6 -1 1.168
-2474 10,071 5 7 -2 1.280
-4948 11,339 5 6 -4 1.441
-12369 13,809 6 5 -10 1.7553
2 7042 0 1 4 1 0
0 15,157 5 5 0 ]
-1761 15,663 6 5 -.25 1.034
-3521 16,096 6 5 -.50 1.062
-7042 16,958 6 5 -1 1.119
~14085 18,245 7 4 -2 1.204
-28170 | 19,866 7 4 -4 1.511
-70424 22,989 9 3 -10 1.517
3 247 0 1 8 1 0
0 4089 1 6 0 1
-62 4569 2 8 -.25 1.118
-124 4917 2 8 -.50 1.203
-247 5427 3 8 -1 1.327
-494 6046 3 8 -2 1.479
-988 7033 4 8 -4 1.720
-2470 8868 1 7 -10 2,196
PR S
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TABLE X
| (Continued)

Calculated Data for Interaction
Example Configurations - Axial
Compression and Internal Radial Pressure

N N
- X
EXAMPLE N N m n N N
y x Yo X,
4 1065 0 1 6 1 0
0 8347 3 ? 0 1
- 266 8661 4 7 -e25 1.038
- 533 8948 4 7 ~.50 1.072
-1065 9523 4 7 -1 1.141
-2131 10,265 5 7 -2 1.230
-4262 11,303 6 6 -4 1.354
-10654 13,117 7 5 -10 1.571
5 250 0 1 8 1 0
0 4301 1 6 0 1
-~ 62 4938 2 8 -.25 1.148
- 125 5290 2 8 -.50 1.230
- 250 5848 3 8 -1 1.360
-~ 500 6474 3 8 -2 1.505
- 1000 7360 4 8 -4 1.711
- 2499 8947 5 7 -10 2,080
{
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Internal Radial Pressure

Figure 21 - Stability
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8.5 Axial Compression and Shear

The case of combined axial compression and shear is not
covered by any of the theoretical approaches of this report since in-
plane shear loadings are not included in the analyses. It would be
expected that, as in the combined loading cases discussed in the
previous paragraphs, geometry of stiffening, eccentricities, etc. would
again influence the interaction relationship so that individual interaction
curves or families of curves would be necessary to be accurate. No known
theory or test results are available which are directly applicable to the
case of axial compression and shear stability interaction for stiffened
cylinders. The most applicable information appears in reference 44
which presents test data on interaction between pure bending and torsion
on frame/stringer stiffened cylinders. Although the lecading combination
tested was pure bending with trorsion rather than the desired combination
of axial compression and shzar, maximum applied stresses due to each
loading are combined in both cases as contrasted, for example, to puré
bending and transverse shear where maximum stresses occur in widely
differing locations on the specimen. The results of tests from reference
44 are shown in Figure 22 which was taken from that reference. These

results indicate interaction relations of the form

(0/00)2 . (t/ro)2 -1 (8-3)
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or 5
c /T = -

o/ 0 * (t/ o) 1 (8-1)
where o = applied axial compressive stress

Uo = critical value of o 1if acting alone

T = applied shearing stress (torsion)

Tr = eritical value of 1t 1if acting alone

As may be seen in Figure 22, the data follow the trend of equations
(8-3) or (8-4) depending upon stiffener spacing for the particular basic
geometry tested. This further substantiates the influence of stiffening
geometry on intersction relaft-cnsnips and implies that these two inter-
action relations can be unconservative for other geomeiries. Untit
adequate theory and/or tests become available for the -ase of <t fforcd
cylinders under axial compression and shear, it is therefore recommended

that the linear interaction relation he used for preliminary evaluations:
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Convair Division




GDC-DDG66-008

aja

K

o Stiffener Spacing
x Stiffener Spacing 2.53"
o Stiffener Spacing 2.53"

0o o2 .4 6 .8 1.0

AlA

Figure 22 - Interaction of Pure Bending
and Torsion for Stiffened Cylinders
(data from reference 44)
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9.0 INITIAL IMPERFECTIONS

For isotropic cylinders under axial compression, the wide dis-
parity betwcen classical theory and test results has frequently been
blamed solely on initial imperfections and the shape of the postbuckling
equilibrium path. However, recent theoretical and experimental investiga-~
tions have identified that a significant portion of the difference can be
attributed to test boundary conditions that differ from those assumed in
the classical analysis. The current design practice for isotropic cylinders
is to lump together both of these influences along with other known or un-
known factors throuzh the use of an empirical correlation (knock-down)
factor. This factor is denoted here by the symbol T . Hence, the

design buckling load for an isotropic cylinder may be established as

follows:

(%) -r {\Nx) (9-1)

CL
The factor [ is generally recognized to be a function of the ratio
R/t . Various sources have proposed different relationships in this
regard. The differences here usually arise out of chosen statistical
criteria or out of the particular test data selected as the empirical
basis. For the purposes of this report, attention is called to ref-
erence 13 which developes a lower-bound criterion that can be presented

in the manner of Figure 23 . Note that the equation for the curve
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3)

1.0 T r =1 -0.901 (1-e”

Log Scale

Figure 23 - Semi-Logarithmic Plot of T vs R/t For
Unstiffened lsotropic Cylinders Under Axial Compression

in this figure may be written as follows:

F =1 -0.901 (1-¢"%) (9-2)
where
1. [R
h = 16 Vi (9-3)

This same criterion was employed in the OPTION 1 analysis for the
buckling of isctropic skin panels (See Section 5.0). Although written
in slightly different form, equations (5-6) and (5-7) can be casily
transformed into equations (9-1) through (9-3). \lso note that this

same criterion is recommended in reference 11 .
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For stiffened cylindrical shells, the limited available test

data tends to indicute that the predictions from classical small-

deflection theory are more nearly approached than in the case of

thin-walled isotropi¢« cylinders. This undoubtedly is the result of

the stiffened configurations being effectively '"thick". Therefore,

the currently popular viewpoint is to consider small-deflection theory

as directly applicable to many practical stiffened shells. Neverthless,
- to account for uncertainties and to guavrd against reckless extra-
polation into extreme parametevr ranges, it is suggested here that a
correlation (knock-down) factor be retained in the analysis of stiffened
cylinders. This should result in reasonably conservative compressive
strength estimates which can be confidently empluyed in the design of
actual hardware. One of the major obstacles to a refined development
of stiffened-cylinder correlation factors is the lack of sufficient

test data for a thorough empirical determination. 1In the face of this

deficiency, it becomes necessary to cmploy the isotropic data in con-
junction with an effective thickness concept. For example, the curve

of Figure 23 might be applied to stiffened cylinders if the ratio i/t

is replaced by an appropriate R/teff ratio. The crux of the problem
then reduces to the choice of a suitable criterion for the establishment

of teff . Toward this end, note that, for the momocoque shell, the

local radius of gyration of the shell wall can be expressed as follows:

t
12
V12
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(9-4)
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This gives the following relationship:
t = V12 p (9-5)

It should be recognized that equation (9-3) gives the monocoque wall
thickness that will provide a given local radius of gyration value.
Most of the effective thickness concepts ﬁsed for relating moncco.gue
cylinder behavior to stiffened-shell mechanisms are based on this simple
relationship. That is, it is assumed that equal sensitivity to initial
imperfections, etc,results from equivalence of the local radii of
gyration. However, this equivalence is rather difficult to establish
for stiffened cylinders since the local p value usually is not the
same in the longitudinal and circumferential directions. This requires
the use of some type of averaging technique,. The two most prominent
technigues for this purpose are by Peterson in reference 45 and by
Almroth in reference 20. It is noted that the former method is specified
in the criterion of reference 1l.

The effective thickness selected by Peterson bases the desired
equivalence on the geometric mean of the longitudinal and circumferential
radii of gyration for the stiffened cylinder. Converting into the notation

of the present report, this leads to the expression
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1/4

t.e“, = [(144)(011 All )( 022 A22>] (9-7)

Section 15.0 specifies the proper means for computing the elastic

or

constants Aij and Dij to be used in this equation. In the interest
of ciarity at this time, it is pointed out that the Dij computations
should not include the anticlastic correction (1-v2) .

The effective thickness selected by Almroth [20] bases the desired
equivalence on a stiffened shell radius of gyration which considers the

arithmetic mean of the longitudinal and circumferential flexural stiff-

nesses. This leads to the expression

P
4

D + D
V12 \/<—1—1——————2-3) A, (0-8)

eff

= / ‘ (9-
torg \/6 (Dn - D22) ALy (9-9)

where once again the Dij computations should not include the (1-v)

correction. Equations (9-7) and (9-9) both reduce to t .. =t in the

special case of an isotropic monocoque cylinder. In addition, for

stiffened cylinders having D = D, and A = A , equations (9-7)

11 22 11 22

and (9-9) will give identical results. For all other geomctries, the

two approaches will yield differing effective thicknesses.
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The choice between the above two m.:thods must be somewhat
arbitrary in view of the lack of rigor in both. Therefore,
primarily in the interest of conforming with the criterion of
reference 11 it was decided to employ equation (9-7) in the pro-

cedures of Part II,

Once havihg used the appropriate R/teff ratio to find a

value for I , it then becomes necessary to decide upon the means by
which this correction should be injected into the stiffened cylinder
analysis. To shed sowe light on this question, reference ie made to
presentation by Almroth (207 . Assuming that the shape of the post-
buckling equilibrium path is of primary importance to this issue,
Amroth suggests that this shape be reflected in the way ' is intro-~
duced. In particular, the postbuckling curve is used to establish a
correctable fraction of the total theoretical compressive strength.
This concept is illustrated in the non-dimensional load-displacement
curves shown in Figures 24 and 25. As implied by these figures, the
postbuckling behavior of unstiffened and stiffened cylinders may greatly

differ.
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End Shortening

Figure 24 - Load-Displacement Curve For Example
Monocoque Cylinder

End Shortening

Figure 25 - Load-Displacement Curve For Example
Orthotropic Cylinder
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Almroth's proposal is that !l cylinders which have the same

(R/t ff) values might be assumed te have identical values for the
e

ratio

(N") (N"\) MIN _ @
)

cr = 2 (9-10)
Fa
e\ X

b
MIN
Assuming the minimum postbuckling strength for isotropic cylinders to

ve zero, this approach yields the following expression tor the stiffened

cylinders:

) —(Nx\ (8-11)
v T/ CL ; / MIN

¢
H
———
P
P
.
=
—
P
—
e e ey
.
2
”~

All of the N's i this equation refer Lo the stiffened configuration,
The formula prescatoc by AMuroth 1n veferonce 20 6 slightly more com-
plicated because of his assumption that the minimam postbuckling load for
isotropic cylinderas 15 L322 KN \ . Piirss cinniece was hased on an earlier
X Jes
Jou
T < b
Almroth paper (a67. However, Hoff, et al. [ 477 have subsequently con-
tended that an increase o the namber o torae a-od in the trigonometric
series for the racial dispiocements significantly lowers the isotropic
cviinder ( N > value below thiot presented by dlmroth,  Hoff, et al.
X
A PO
(47)] interpret thoipr owe resualts to imply "that the minimal value of the
compiressive loul, arder which o Laree dispil.wcement eaquilibrium is

possible, is zero™,
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To properly apply equation (9-11), one must perform a post-
buckling analysis of the stiffemed cylinder to establish the applicable

(Nx> value. However, this is considered to be beyond the scope and
MIN

degree of complexity intended for the methods of this report. Therefore,

as an engineering approximation, it will be assumed that (Nx) for a
MIN

stiffened cylinder is the wide-column strength (Nx) chosen as follows:
we
Whenever the applicable slenderness ratio satisfies
L )= 2CL ) = EE' (9-12)
P11 ce
use [ o ]
Crn E
(N ) - | E—tan | () (9-13)
X 2 X
we L
Yhenever the applicable slenderness ratio satisfies
_—
L
<___>< (VZCF>(1:> (\/_E_ ) (9-14)
P11 °
cc
use — o]
o 2 (L
cc 911
N ) = |0 - (t ) (9-15)
x
( */we ce 4C n2E
F
L -

These equations are applied to the wide column cbtained by unfolding
the composite circular wall into a flat configuration, retaining equivalent

boundiry constraint. &quation (9-11) may then be rewritten ias follows:

Convair Division 15¢
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For the analysis of general instability (see Glossary), the entire

overall length L is used in cquations (9-12) through (9-15) regardless

of the ring spacing a . In such cases, the \Nx) value will usually
weC

be small and its infulence in equation (9-16) will not be very sigz-
nificant. However, for cylinders which are stiffened only in the long- |
itudinal direction, the situation will usually be guite different.
Although these structures still employ the overall length L in the wide-
column computation, the (Nx> component will usually comprise a major
part of the total compressiv:cstrength. The remaining possibility of
interest to this report is the situation encountered in the analysis
of panel instability (see Glossary) in cylinders that incorporate both
loneitudinal and circumferential stiffening. In this case, one 1s con-
cerned with the behavior of longitudinally stiffened sections that lie
between rings and the wide-column component is calculated by inserting

L - a into equations (0-12) through (9-15). ilerc again, the usual result
is that (Nx> comprises a major portion of the total resistance to

we

insiability.

The concept expressed in the form of ejquation (9-16) furnished the
basis for the final equations of Section 6.2.2. s nnted there, this
approach is consistent with the method originally proposed by Peterson
and Dow [ 227 for the analysis of lengitudinally stiffened cylinders.,

In conclusicn, it i< notad that the foregoing discussion has been

confined to pure axial loading, and that equations (9-2) and (9-3) apply
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only to this case. For pure bending, different equations should be

used to evaluate the correlation (knock-down) factor T . These are

as follows:

F=1-0.731 (1-e"") (9-17)
where
1 » = fE % (9-18)
This formulation recognizes a reduced probability for the peak bending
stress to coincide with the location of an imperfection.
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SECTIONS 10,0 THROUGH 19.0 ARE PRESENTED
IN VOLUME II. FOR CONVENIENCE, SECTION
19.0, REFERENCES, IS ALSO PRESENTED IN

VOLUME 1I.
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